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We consider the so-called length-interacting Arak-Surgailis polygonal Markov fields
with V-shaped nodes — a continuum and isometry invariant process in the plane sharing
anumber of properties with the two-dimensional Ising model. For these polygonal fields
we establish a low-temperature phase separation theorem in the spirit of the Dobrushin-
Kotecky-Shlosman theory, with the corresponding Wulff shape deteremined to be a
disk due to the rotation invariant nature of the considered model. As an important
tool replacing the classical cluster expansion techniques and very well suited for our
geometric setting we use a graphical construction built on contour birth and death
process, following the ideas of Fernandez, Ferrari and Garcia.

KEY WORDS: phase separation, DKS theorem, Wulff shape, Arak-Surgailis
polygonal Markov fields.

1. INTRODUCTION AND MAIN RESULTS

An example of a planar polygonal Markov field, referred to as the Arak pro-
cess throughout this paper, was first introduced by Arak.() Further devel-
opments are due to Arak and Surgailis,®>® Surgailis,'® Arak, Clifford and
Surgailis.® In this paper we focus our attention on polygonal Markov fields
with V-shaped nodes, which are a particular class of ensembles of self-avoiding
polygonal loops (contours) in the plane, interacting only by the requirement of dis-
jointness. Not unexpectedly, these objects share a number of properties of the two-
dimensional Ising model, including the presence of spontaneous magnetisation and
absence of infinite contour nesting in low temperature region, see Nicholls!* and
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Schreiber. 1 An important property of the Arak process and its length-interacting
Gibbsian modifications is their isometry invariance. One might be tempted to view
these purely continuum polygonal fields as a kind of continuum version of the Ising
model. For low temperatures this opinion seems to be well founded. There is a
number of relevant differences though in the much less understood high temper-
ature region. In sharp contrast to the Ising model it is not clear how to define
the infinite temperature non-interacting field, since some spatial correlation is al-
ways present due to the imposed polygonal nature of the contours. Therefore as
the reference field for length-interacting Gibbsian modifications we choose the
original Arak process, enjoying a number of striking properties including con-
sistency, exact solubility and admitting the so-called dynamic representation in
terms of equilibrium evolution of one-dimensional particle systems tracing the
polygonal boundaries of the process in two-dimensional space-time, see Arak and
Surgailis® and the Appendix below for details.

The purpose of this paper is to show that, in analogy with the Ising model, the
phase separation phenomenon is present for length-interacting polygonal Markov
fields and it is gouverned by the Wulff construction, see Bodineau, loffe and
Velenik ® for an extensive reference. We establish our main Theorem 1.2 in the
DKS set-up, as introduced by Dobrushin, Kotecky and Shlosman in their seminal
monograph, ? and we only work at low enough temperatures. As a crucial tool
replacing cluster expansion techniques and very well suited for our geometric
setting we use a graphical construction built on contour birth and death process,
as introduced by Fernandez, Ferrari and Garcia,®~!" see Subsec. 1.2. We took
advantage of the particular properties of polygonal fields in order to characterise
the model-specific surface tension, defined in Subsec. 1.3, in terms of hitting
probabilities of appropriate planar random walks in random environment provided
by the graphical construction. Even though we were only able to establish relatively
weak results for the quality of approximation of the surface tension by its finite
volume versions, we used the isometry invariance of the model to circumvent
this problem. A particular feature of our approach is that rather than imposing
periodic [as in Dobrushin, Kotecky and Shlosman(”] or fixed sign boundary
conditions [as loffe and Schonmann, 1] we work directly in the thermodynamic
limit conditioned on the event that no large contours hit the boundary of the
region. This allows us to avoid technical difficulties which would arise if we had
to control our surface tension estimates in close vicinity of the boundary. Finally,
the micro-canonical constraint considered in this paper requires that the excess of
total magnetisation be larger or equal rather than just equal to a given positive
threshold value - this avoids a number of technical complications which would
otherwise arise due to the continuum nature of our setting and allows us to work
with weaker versions of moderate deviation estimates and to rely upon general
local central limit (LCL) results available in the literature rather than establishing
an LCL theorem in its full strength specialised for our model. In analogy to the
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original DKS approach, the crucial ingredients of the proof of our main Theorem
1.2 are

e the coarse graining estimates of Sec. 6, based on skeleton techniques
slightly modified and specialised for our particular setting. The graphical
construction of Subsec. 1.2 is used as a crucial tool replacing cluster
expansion techniques,

e moderate deviation estimates for cut-off ensembles, stated in Sec. 3 and es-
tablished by the classical method of studying the restricted phase modified
by actions of finely-tuned external magnetic fields, see e.g. Sec. 2 of loffe
and Schonmann. '?) The graphical construction of Subsec. 1.2 admits an
extension for these modified fields.

We believe the techniques developed in the present paper should in principle
be applicable to general continuum models exhibiting isometry invariance and
admitting polymer representation.

The remaining part of the introductory section is organised as follows. Below,
in Subsec. 1.1 we give a formal construction of the polygonal Markov fields. The
next Subsec. 1.2 is devoted to the graphical construction. The surface tension
specific for our model is defined in Subsec. 1.3. Finally, our main results are
formulated in Subsec. 1.4.

Throughout the paper we make extensive use of the ‘O, 2, ®’ notation, with
O(X) and Q(X) standing respectively for quantities bounded in their absolute
value above and below by a constant times X, and with ®(X) = O(X) N Q(X).
Moreover, we use ¢, C, C;, C; etc. to denote generic constants which can change
their values from one statement to another.

1.1. Length-Interacting Polygonal Markov Fields

The formal construction of the basic Arak process with empty boundary
conditions in a bounded open set D C R? goes as briefly discussed below [we
refer the reader to Refs. 2 and 4 for further details]. In the sequel we assume that
the boundary 9D is piecewise smooth. We define the family I'p of admissible
polygonal configurations on D by taking all the planar graphs y in D such that

P1) yNnaobD =9,

(P2) all the vertices of y are of degree 2,
(P3) the edges of ¥ do not intersect,
(P4) no two edges of y are co-linear.

In other words, y consists of a finite number of disjoint polygons fully
contained in D and possibly nested. Further, for a finite collection (/) = (/;)!_,
of straight lines intersecting D we denote by I'p(/) the family of admissible
configurations y with the additional properties that y C |J'_,/; and y N/; is a
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single interval of a strictly positive length for each /;,i = 1, ..., n, possibly with
some isolated points added. Let Ap be the restriction to D of a homogeneous
Poisson line process A with intensity measure given by the standard isometry-
invariant Lebesgue measure 4 on the space of straight lines in R?. One possible
construction of u goes by identifying a straight line / with the pair (¢, p) €
[0, 7) x R, where (p sin(¢), p cos(¢)) is the vector orthogonal to / and joining it
to the origin, and then by endowing the parameter space [0, 7) x R with the usual
Lebesgue measure. With the above notation, the basic polygonal Arak process Ap
on D arises as the Gibbsian modification of the process induced on I'p, by Ap,
with the Hamiltonian given by the double total edge length, that is to say

E ZyerD(AD)nG exp(—2 length(y))
E Zyel"n(/\n) exp(_z length()/))

forall G C T"p Borel measurable, say with respect to the usual Hausdorff distance
topology, and where I'p(A p) denotes I'p(/) as defined above with / set to be the
collection of all straight lines of A p. Note that by the tofal edge length length(y)
of a polygonal configuration y we mean here and below the sum of lengths of
all constituent polygons. The expectations in (1.1) are taken with respect to the
randomness of A p. It should be mentioned at this point that in the literature on
consistent polygonal fields one usually considers free rather than empty boundary
conditions, see Ref. 2 and the Appendix below, yet the empty boundary object is
better suited for the graphical construction below and for our further purposes.

For a positive inverse temperature 8 > 0 we consider the length-interacting
Arak process A[g] in D determined in distribution by

dL(AD)  exp(—plength(y))
dL(Ap) )= Eexp (—B length (Ap))’

with £(-) standing for the law of the argument random object. As shown in
Theorem 3 and Corollary 4 of Ref. 15 for 8 large enough the polygonal fields
A%}], D C R?, admita unique whole plane thermodynamic limit without infinite
contours, denoted in the sequel by AlPl see also below for its construction. The
field A!#! is isometry invariant. The thermodynamic limit A can also be shown
to exist for B = 0, in the sequel it is denoted by A and its construction is given in
the Appendix.

It is known that for the inverse temperature 8 sufficiently large (in particu-
lar, for all B within the validity region of the graphical construction below) the
thermodynamic limit APl exhibits only finite contour nesting, see Nicholls('?
and the discussion following Corollary 4 in Schreiber.(> Whence, the contour
ensemble APl partitions the plane into a unique infinite connected component
(the ocean) and a countable number of finitely nested bounded regions (islands).
We colour black and white the polygonal regions of this partition by declaring

]P(AD € G) =

(1.1)

(1.2)
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the infinite ocean white and by requiring that the collection of interfaces between
black and white regions coincide with the collection of contours A¥l, which
uniquely determines the colouring. Denote the resulting union of black regions by
black[.A1] and the union of white regions by white[.A/#1]. For a bounded region
U C R? let My (A)) be the magnetisation in U determined by the coloured
contour ensemble A#] under the assignment black > +, white — —. In other
words, My (A) is the total area of the black-coloured regions in U minus the
total area of white-coloured regions in U :

My (AP1) := Area (black[A¥1] N U) — Area (white[A¥1] N U).

For L > 0 we shall abbreviate Mg, ;) (A!) to M [B8], where B;(L) stands for
the disk of radius L centred at 0. The isometry invariance of the infinite-volume
field A#1 implies that

EMy (A¥)) = Area(U)M[B], MIB] € (~1,0), (1.3)

where |M][B]] is further referred to as the specific spontaneous magnetisation at
inverse temperature 8. The ‘black[-]” and ‘ML(-)’ notation will be also used for
AlPl replaced by a number of other polygonal fields enjoying the property that
the corresponding contour ensemble determines a unique unbounded region, to be
coloured white.

1.2. Graphical Construction

1.2.1. Basic Graphical Construction

As argued in Schreiber, !> the polygonal field ,4[[,’] admits a natural repre-
sentation in terms of a graphical construction in the spirit of Fernandez, Ferrari
and Garcia,®~!" which will be a crucial tool in our argument in the sequel, as
replacing cluster expansion techniques. Below, we provide a description of this
construction borrowed from.> Consider the space Cp consisting of all closed
polygonal contours in D which do not touch the boundary d D. For a given finite
configuration (/) := (/y, ..., l,) of straight lines intersecting D denote by Cp(/)
the family of those polygonal contours in Cp which belong to I'p(7). We define
the so-called free contour measure ®p on Cp by putting for C C Cp measur-
able, say with respect to the Borel o-field generated by the Hausdorff distance

topology,
®p(C) = / > exp(—2length(®))dp (1)) (1.4)
Fin(LIDD gecnep )

with Fin(L[D]) standing for the for the family of finite line configurations inter-
secting D and where * is the measure on Fin(L[D]) given by du*((y, ..., 1,)) :=
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[T'—, du(l;) with p defined in the discussion preceding (1.1). For g > 0 we con-
sider the exponential modification G)[g] of the free measure ®p,

©1(d6) := exp(—B length(6))O p(d0). (1.5)

Observe that for all bounded open sets D with piecewise smooth boundary the
free contour measures ©p as defined in (1.4) arise as the respective restrictions
to Cp of the same measure ® on C := ;- C(_y.np, in the sequel referred to
as the infinite volume free contour measure. Indeed, this follows easily by the
observation that ® p, restricted to Cp, coincides with ® p, for D, € D;. In the
same way we construct the infinite-volume Gibbs-modified measures ©#1. The
following result, which is Lemma 1 of (!> (note that the first result in this spirit is
due to Nicholls, ' see Lemma in the Appendix ibidem) will be crucial for our
further purposes.

Lemma 1.1. For 8 > 2 we have
OYI({0 | dx N Vertices(9) # @, length(d) > R}) < 87 exp(—[B — 2]R)dx,

where the event {dx N Vertices(0) # @} is to be understood that a vertex of 9 falls
into dx. Moreover, there exists a constant ¢ > 0 such that, for 8 > 2,

OPI({6 | 0 € Intd, length(d) > R}) < exp(—[B — 2 + &]R + o(R)),

with Int6 standing for the region enclosed by 6 (recall that 6 € C is always a
single bounded contour).

Let 73(_)[[/;1 be the Poisson point process on Cp with intensity measure @%ﬂ. It
follows then directly by (1.4) and by (1.1) that A[g] coincides in distribution with
the union of contours in ”P@g] conditioned on the event that they are disjoint so
that

()= U o|vrmyoromono=n|.  uo

96739%;]

where the conditioning makes sense because 85‘)3](CD) is finite as shown in
Subsec. 2.2 of. Ref. 15. In particular, as argued in Subsec. 2.2 and Theorem 2
ibidem, the law of A[g] is invariant and reversible with respect to the following
contour birth and death dynamics (y,”) on I'p.

(C:birth[B]) With intensity ©(d6)ds do
o Choose a new contour 6,
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o If 6 Ny =0, accept 6 and set v, ;. ==y U#,
e Otherwise reject 6 and keep .2, == v,°,
(C:death[8]) With intensity 1 - ds for each contour 6 € ySD remove 6 from y”
setting y2 := yP\ 6.

Moreover, [,(,A%g]) is the unique invariant distribution of the above dynamics,
see Theorem 2 in Ref. 15. These observations place us within the framework
of the general contour birth and death graphical construction as developed by
Fernandez, Ferrari and Garcia®~'! and as briefly sketched below, see ibidem and
Schreiber( for further details. Choose B large enough, to be specified below.
Define F(C) to be the space of countable and locally finite collections of contours
from C, with the local finiteness requirement meaning that at most a finite number
of contours can hit a bounded subset of R, On the time-space R x F(C) we
construct the stationary free contour birth and death process (o;)ser With the
birth intensity measure given by ®!#! and with the death intensity 1. Note that fiee
means here that every new-born contour is accepted regardless of whether it hits the
union of already existing contours or not, moreover we admit negative time here,
letting s range through R rather than just R, . Observe also that we need the birth
measure O] to be finite on the sets {# € C | § N 4 # ¢} for all bounded Borel
A C R? in order to have the process (o )ser well defined on R x F(C). By Lemma
1.1 this is ensured whenever 8 > 2. To proceed, for the free process (05)ser We
perform the following trimming procedure. We place a directed connection from
each time-space instance of a contour showing up in (o;)secr and denoted by
0 x [so, 51), with 6 standing for the contour and [sy, s1) for its lifespan, to all time-
space contour instances 6’ x [sg, s7) with6’ N 6 # @, s, < so ands] > so. In other
words, we connect 6 X [sg, 51) to those contour instances which may have affected
the acceptance status of 6 X [sg, s1) in the constrained contour birth and death
dynamics (C) as discussed above. These directed connections give rise to directed
ancestor chains of time-space contour instances, following Ref. 11 the union of
all ancestor chains stemming from a given contour instance 6* = 6 x [so, 51),
including the instance itself, is referred to as its clan of ancestors and is denoted
by An(6*). More generally, for a bounded region U in the plane we write An,(U)
for the union of ancestor clans of all contour instances 6 x [sg, s1) with@ N U # @
and s € [sg, s1). Lemma 1.1 allows us to apply the technique of domination by
sub-critical branching processes, developed in, Refs. 9—11 in order to conclude
that there exists 8, such that for each § > B, there exists ¢ := c¢(f) > 0 such
that

P(diam Ang(B,(x, 1)) > R) < exp(—cR), s € R, x € R?, (1.7)

with B,(x, 1) standing for the radius 1 ball in R? centred at x. In the sequel we
shall always assume that 8 > f,, that is to say that 3 is in the validity region of the
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graphical construction. We see that for 8 > f, all the ancestor clans are a.s. finite
and we can uniquely determine the acceptance status of all their members: contour
instances with no ancestors are a.s. accepted, which automatically and uniquely
determines the acceptance status of all the remaining members of the clan by
recursive application of the inter-contour exclusion rule. In this case, discarding
the unaccepted contour instances leaves us with a time-space representation of a
stationary evolution (yy);cr on F(C), which is easily checked to evolve according
to the whole-plane version of the dynamics (C) above. In Sec. 4 and Theorem 4
of Ref. 15 we argue that for all s € R the polygonal field y; coincides in dis-
tribution with the thermodynamic limit (see Section 3 ibidem) for A¥! without
infinite contours, which is unique (see Corollary 4 ibidem). It should be observed
that for each s € R the free field o, coincides in distribution with the Poisson
contour process Pgisr. Since almost surely we have y; C o,, we get the stochastic
domination of the contour ensemble APl by Pgs.

We also consider finite-volume versions of the above graphical construction,
replacing the infinite-volume birth intensity measure ®#! with its finite-volume
counterparts @%3] for bounded and open D with piecewise smooth boundary.
Clearly, the graphical construction yields then a version of the finite-volume con-
tour birth and death evolution (C). For each D denote by (y.”)ser the resulting
finite-volume stationary process on the space F(Cp) of finite contour configura-
tions in D and write (0”)ser for the corresponding free process. It follows by
Theorem 2 in Ref. 15 that ” coincides in distribution with A%S] for each s € R.
Likewise, o coincides in distribution with P

By representing the measures @%ﬂ as the corresponding restrictions of @]
we obtain a natural coupling of all the processes ¥,”, o”, y, and o5 on a common
probability space. We shall also consider A[g] coupled on the same probability
space by putting A%g] = yP. Likewise, we put APl = yy, Pom = 0, PQ[gJ =
of. This coupling, referred to as the canonical coupling in the sequel, will be

assumed without a further mention throughout this paper.
A simple yet useful application of this coupling is that

Area(D)M[B] — EMD(A%‘])) = O(Area(d D @ By(1)))

with @ standing for the usual Minkowski addition [i.e. X® Y :={x+y|x €
X, y € Y}]. Indeed, this is immediately seen by observing that, in view of Lemma
1.1 and (1.7) stating the exponential tail decay for ancestor clan diameters, under
the canonical coupling of A and A1, the probability that a given point x € D
is assigned different colours by these ensembles decays as exp (—2(dist(x, 3 D))).
Integrating over D and using (1.3) we obtain the required relation.
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1.2.2. Modifications of the Basic Graphical Construction

Below we discuss a number of modifications of the graphical construction,
which will be of use for our further purposes. Apart from the area-interacting
modifications all the remaining ones can be defined on the probability space of
the basic construction, thus extending the canonical coupling.

Imposing Forbidden Regions. A particular property of the graphical
construction which will be crucial for our further purposes is that it admits, on
the same probability space, conditional versions on the events of the type no
contour of the polygonal field hits [intersects] a given region U. Indeed, let U be a
bounded subset of the plane R?. Then, adding the rule that all new-born contours
hitting U [intersections of U only with the interior of a contour are not taken
into account] be immediately discarded, to the trimming procedure constructing
(ys) out of (oy) or, equivalently, to the dynamics (C), we obtain a stationary and
reversible process (y;.p) easily seen to enjoy the property that the distribution
of y,.y for each fixed s coincides with the law of A#l conditioned on the event
that A¥) N U = #. Put A} = 4. Likewise, we define the conditioned version
(v5)) of the finite volume process (y,”) for which the distribution of 7}, coincides
for each s € R with the law of Ag] conditioned on {A[g] NU = @}. We put
A[L’)S:]U := ¥y In full analogy with the similar discussion above, the conditioned
field A1[1§2]~U is stochastically bounded by the Poisson contour process Pgier.y 1=

{6 € Ponn | 6 N U = @}. Likewise, A[L’)S:]U is stochastically bounded by P(')%HIU =
{6 € 77(_)[;;] |6NU = @}.

Cut-Off Ensembles.  An important family of processes we embed into
the original graphical construction are the cut-off ensembles for APl They are
defined as follows. For a positive cut-off threshold o and a bounded region V' C R?
we consider the measure @1 which is the restriction of ®! to the family of
polygonal contours which either do not hit 7, or if they do hit } then their diameter
does not exceed «. In this context, it is convenient to say that a contour y is «-large
iff diam(y) > « and that it is a-small otherwise. Using ®F}*" instead of O
for the contour birth intensity in the graphical construction we obtain «-cut-off
version ()/SRz @y er of the process (¥ )ser (equivalently, we can simply reject all
a-large contours hitting V upon their birth in the original graphical construction,

which naturally extends the canonical coupling). Put AFk®” .= * SVt s
easily seen that the a-cut-off polygonal field APl := y* eV coincides in law

with APl conditioned on the event that no contour hitting ¥ has its diameter larger
than «. Likewise, we consider with obvious definition the finite volume cut-off
processes (y,2*");cg for open and bounded D with piecewise smooth boundary.

Clearly, the finite volume «-cut-off polygonal field A%}];a’V = yOD @V arises as
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A[g] conditioned on the event that no contour hitting V' is a-large. In analogy with
the similar discussion above, the cut-off field AP}%" is stochastically dominated
by Peusrer and A[g]:a’ s stochastically dominated by Pgsrer .

Clearly, we can combine the cut-off operation withDimposing a forbidden
region which leads to processes ysﬂ%a " SDUO’ d A eV and AL ]U with obvious
definitions, stochastically dominated by Pgisier .y and PG)[g]a v., respectively. The
canonical coupling is extended in the obvious way.

Area-Interacting Fields. The final modification considered involves in-
troducing an area-order term to the Hamiltonian of (1.2). To this end, for a bounded
region W C R? and /& € R we consider the polygonal field Ay B2 on w, given in
distribution by

de(AR") L exp(iMy(y))
TLAP A )= Eexp(iby (APY)”

Note that, unlike A ], the field A[nfi’h] is defined as a Gibbsian modification of the
thermodynamic limit A#! restricted to W rather than as a Gibbsian modification
of the finite volume field AW In particular, the laws of the fields A}, 591 and A[ﬂ ]
do not coincide; in fact AW coincides in distribution with APl N . We will
mainly use the area-interacting modification combined with the cut-off operation.
The field AY"7" is given in law by

dL(Aper) = XMy (y) (1.8)
dL(APYeV N W) E exp(hMy (AlPYe-V))’ '
To proceed with the graphical construction we assume that
= (19

and observe that adding a single a-small contour 6 to a contour configuration
y, ¥y NO = @, can change the magnetisation My (y) by with y standing for the
current contour most 7 length(#)?/2 whence the value of AM () can change by
at most B length(6)/2. With y standing for the current contour configuration, we
modify the original graphical construction by

e constructing the free birth and death process 9, s € R, with birth intensity
measure OF/21eV and death intensity 1,
e at the trimming stage, by accepting a time-space contour instance 6 x
[s0, 1)
- with probability 0 if 6 hits 6" for some previously accepted contour
instance 6’ x [sg, s7) alive at time s,
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_ with probability exp (_g length(6) + A[My(y U8) — MW(y)]>
otherwise.

Observe that the last probability falls into (0, 1] because of (1.9). Denote
the resulting trimmed process by y;. The validity of this construction requires a
justification. In fact, we have to redefine here the notion of an ancestor clan. We
set a directed connection from a contour instance 8* = 6 X [so, s;) to all contour
instances 6"* = 6’ x [s, s}) such that Intd N Intd’ # ¢ (which is weaker than the
condition & N 6’ # @ of the original definition) and s < s9, 5] > $o. Clearly, these
are all contour instances which may affect the acceptance status of 6*. The union
of all the directed chains stemming from 6* is called the ancestor clan of 6*
and denoted by An(#*). Likewise, fors € R and W C R? we write An,(U) for the
union of all the ancestor chains of contour instances 6 x [sg, 1) alive at time s (i.e.
so < s < s1) and such that Intd N U # ¢. In full analogy with (1.7), Lemma 1.1
guarantees that for 8 large enough (larger than some ﬁg) we have

P(diam Any(B,(x, 1)) > R) < exp(—cR), s € R, x € R?, (1.10)

for some ¢ = ¢(B) > 0. Clearly, this implies that the ancestor clans are a.s. finite,
thus ensuring the validity of the construction. In the sequel we shall always assume
that 8 > Eg so that (1.10) holds. It follows by the general theory developed
by Fernandez, Ferrari and Garcia,®~'D that so constructed p, for each fixed s
coincides in law with A}, LB, i,V . Moreover, it is easily seen that, for each s € R, g
coincides in law with the Poisson contour process Pgiszre.r N W. Consequently,
the almost sure inclusion p; C 9 yields the stochastic domination of Aj;, (B.hJie.V by
Peotsrrer N W.

Clearly, the above construction can be easily extended to take into account
forbidden regions. For bounded measurable U C R? denote by Ay L6, h] *V the polyg-
onal fields arising by conditioning A}, Bk Y on none of its contours hitting U. It
is easily seen that Aj; 16, h bV can be represented by the graphical construction of
this paragraph, with the additional rule that all contours hitting U be immediately
discarded. In analogy with a similar observation made above for Al ];a’V, also
here it should be noted that .A[ufi (2/] " coincides in law with .A ]“ "0 W rather
than with A

Moreover in full analogy with the argument above, we see that A[ﬁ “V s
stochastically dominated in the sense of inclusion by the Poisson contour process
Peowsrer.y N W.

Note that the above construction provides a natural coupling for area-
interacting fields with cut-off and (possibly) forbidden regions imposed, under
the constraint (1.9). To distinguish it from the canonical coupling available for



642 Schreiber

fields with no area interaction as discussed above, we shall call this coupling the
canonical coupling for area-interacting fields.

1.3. Surface Tension

The purpose of this section is to define the surface tension functional specific
for our model. To this end, for a given bounded and convex domain D C R?
and 8 > 0 we consider the family C};””* of self-avoiding polygonal paths in D
connecting the balls B,(x, §) £ D and B,(y, §) € D, with the additional property
that the first and last segments of the paths do not intersect the interiors of the balls
B,(x, ) and B,(y, §) respectively, but they do touch their respective boundaries
and the intersection points coincide with the initial and final point of the path. In
other words, moving along a path in C};”"* we travel from 8Ba(x, 8) to dBa(y, 8),
with the initial segment falling outside B, (x, §) and with the final segment outside
B,(y, §), which does not prevent us though from passing through B,(x, ) and
Ba(y, 8) along the remaining segments. Next, we introduce on Cj;””* the free
measure O, ? constructed in full analogy with the definition of the free contour
measure as given in (1.4). For a finite configuration (/) of straight lines crossing
D write C3”" (1) for the collection of those paths in C};”** which only contain
segments of the lines in (/) and exactly one non-zero length segment on each line.

For measurable C € C),;”” % we put

01 (C) = f S exp(—2length@)d()  (L11)

FinBD o cneressgy

with Fin(L[D]) and p* as in (1.4). Note that the initial point and the endpoint
of the path 6 in the above definition are uniquely determined, respectively as the
intersection of the first and last segment of the path with 0B, (x, §) and 0B, (y, §).
Likewise, we define the B-tilted measures [©}; 1] by

[0377°1¥)(d6) := exp(—B length(8))@% ™7 (d6). (1.12)

As observed above for the free contour measures, also the path measures
are consistent in that ;" ® = [0, ;5]\ p for D C D' and, consequently, we can
construct the whole plane free measure ®* < and its tilted version [@*<:*](A]
both defined on C¥4 = CD);?M =2, c

(=n.n)**
To proceed, write
Tl < y]:= f PAY N6 = g[e*=1¥@s).  (1.13)
Cxoyid

Put e, := (1, 0), fix some small § > 0 and let

1
A= — log 70 < ae,]. (1.14)
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The surface tension is defined as the limit

A Aango ‘E[ﬁ] —Alim log (5) [0 < Aey]. (1.15)

It is clear that the asymptotic behaviour of H Tas A — oo does not depend on
the choice of § above — indeed, changing § is easily seen to result only in a bounded
and uniformly non-zero prefactor before T(g‘j [0 < Ae,], which is negligible in the
logarithmic large A asymptotics. This is why our notation does not take into account
the dependency of rk[ﬁ Von 8. The existence, finiteness and strict positivity of the
limit in (1.15) for B large enough and other properties of the surface tension are
discussed in Sec. 5 below, see Lemma 5.3 there.

1.4. Main Results

Our main result below states that, at low enough temperatures, conditioning
the white-dominated phase of polygonal Markov field to contain black-coloured
regions of total area exceeding its expectation by an area-order quantity results
in aggregation of the excess black area and in formation of a macroscopic-size
disk-shaped region (Wulff crystal) of black-dominated phase, separated from the
outside white phase by a single large contour. Moreover, the probability of such
area-order black exceedances exhibits perimeter-order exponential decay.

As shown in Sec. 2 below, for & > log L with overwhelming probability there
are no a-large contours of A!#1 in B,(L). Thus, it is natural to consider the regions
separated by Q(log L)-large contours of A#l and to assign them, in the obvious
way, black or white phase labels. In this language, we show in this paper that the
single large contour determining the Wulff shape encloses a disk-shaped portion
of black-labeled phase region surrounded by ocean of white-labeled phase.

As already discussed in the introductory section, since our main results are
formulated directly under boundary conditions induced by the thermodynamic
limit A" rather with periodic or monochromatic boundary conditions, we have to
explicitly rule out the situation where the phase separating curves cross or go along
the boundary of the considered finite volume region B,(L). To this end, for o« > 0
shall write N'[a, L] for the event that no a-large contour of A#! gets closer than
at the distance 6« to the circle S;(L) := dB,(L). In what follows we shall write

af[L]:=~LlogL. (1.16)

Our main result is the following theorem.
Theorem 1.2. For 0 < a < 27 |M[B]| we have
PM; (AP > M[B]7L* + aL?, N«[L], L] holds)

= eXp (— 2ma Dt[L + 0(()[[ ]))

IM[ﬁ]I
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= exp <— / |§HJE;]| Ll o(L)) . (1.17)

Moreover, there exists a constant Clyge Such that on the event
{M, (A1) > M[BI7L* + aL?, N«[L], L] holds},

for sufficiently large L we have with probability arbitrarily close to 1

® There is exactly one Ciae log L-large contour Ojarge,
® This Oaree Satisfies

min pyy <elarge, Si (x, L/ m)) =0 (L /logL),

with py standing for the usual Hausdorff distance.

Note that in the sequel we shall refer to the condition M, (A1) >
M[B]m L? + aL? as to the micro-canonical constraint.

The remaining part of the paper is the proof of Theorem 1.2 and is organised
as follows. In Sec. 2 below we establish upper bounds on occurrence probabilities
of large contours. Next, in Sec. 3 we study moderate deviation probabilities for
cut-off contour ensembles of polygonal fields. Section 4 provides a simple yet
important lemma allowing us to factorise the avoidance probabilities of A1 over
disjoint regions. This is followed by Sec. 5 dealing with properties of the surface
tension, and then by Sec. 6, where we establish coarse-graining skeleton estimates.
The complementary lower bounds for occurrence probabilities of large contours
are stated in Sec. 7. Finally, in Sec. 8 we complete the proof of Theorem 1.2 by
putting together the results of previous sections.

2. EXPONENTIAL TIGHTNESS BOUNDS

In this section we show that although the total length of the contour ensemble
ABINB,(L) is clearly of the area order ©(L?), this is due to the contributions
of O(log L)-small contours, while the contribution of Q(log L)-large contours
is of order O(1) with the corresponding large deviation probabilities exhibiting
exponential decay. To put it in formal terms, with & > 0 not necessarily given by
(1.16), write Ly 1 := Ly 1 [A[ﬂ]] for the family of «-large contours of Al hitting
B,(L) and, in general, let L, ;[y] stand for the family of «-large contours of a
contour collection y which hit B,(L). We claim that

Lemma 2.1. Foreachk < /2 — 2 there exist M, C = C(B, k) < 0o such that
forall o > Clog L and A > 0 we have

P (length(Ly, 1) > ) < M exp(—k 1)
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and the same applies for Ly 1 replaced with L, L[.A.[’3 ];a"], L, L[AEF):](;?;’(')] and

La,L[AEfg)‘h];a’(')], La_L[AEfi;:’_]);a’(‘)]for h within the validity range of (1.9).
Note that it is natural to regard this lemma as an exponential tightness state-
ment for length(LL,, ; ), whence the title of the section.

Proof: We provide the proof for the polygonal field A#! only, since the argument
goes exactly along the same lines for all the modified fields obtained from the
variants of the graphical construction discussed in Subsubsec. 1.2.2 and admitting
stochastically dominating Poisson contour processes. Note that the assumptionx <
B/2 — 2 was imposed for the purpose of dealing with area-interacting processes
with the external field 4 within the validity range of (1.9), which admit stochastic
domination by the Poisson contour process Pgis/z1. For the remaining polygonal
fields considered in the statement of the lemma, with no area interaction, a stronger
stochastic domination by Pgis is available and the assertion of the lemma still
holds if we choose k <  — 2 rather than x < /2 — 2.

To proceed, use the graphical construction to conclude that the total length of
contours in L, ; is stochastically bounded by the total length of a-large contours
of Pgusm hitting L, ;. Thus, by the definition of a Poisson point process,

E exp(« length(LL, 1))

< exp f (eK length(9) 1)d®[ﬁ/2](9)
{6eC | 6NB,(L)#0, 6 1S a-large )

< e"ag(a)—}—/(/ et (M)dr,

o

where the last inequality follows by integration by parts with
c(0):=0P2{o eC |0 NByL) # B, length(d) > A}).

In view of Lemma 1.1 this means that
E exp(x length(ILy, 1)) < exp [Cl(ﬂ, K)L? exp <|:IC +2 - §:| oe>:|

with some constant C(8, x). Thus, using Markov inequality we get

[E exp (k length(LL,. 7))
exp(kX)

< exp |:C1(ﬂ, K)L2 exp <|:/< +2— g] a>:| e

which completes the proof of the lemma for « > Clog L with large enough
C=C(B, k). O

P(length(Ly ;) > A) <
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3. MODERATE DEVIATIONS FOR CUT-OFF ENSEMBLES

The current section deals with the properties of the cut-off ensembles AFk«”
arising by conditioning the original field A/#! on containing no a-large contours
hitting ¥ € R?. Recall that we assume here that § > By and B > ﬁg so that 8
falls into the validity regions of the graphical construction discussed in Subsec. 1.2
as well as of its area-interacting modification discussed in Subsubsec. 1.2.2. We
consider « not necessarily given by (1.16). Our first observation is that imposing
a cut-off does not change the expected magnetisation by too much

|w L*M[B] — EM, (APF*BD)| = O(L* exp(—ca)) (3.18)

with some ¢ > 0. Indeed, this follows by the fact that, in view the stochastic
domination of A®! by Pgis and in view of Lemma 1.1, an a-large contour shows
up in AP N B,(L) with probability O(L? exp(—ca)), whence conditioning on
the absence of this event can change the probabilities of other events by at most
O(L? exp(—ca)), consequently the variational distance between the laws £(A])
and L(APFBAL)) ig of the same order O(L? exp(—ca)). To get (3.18) it suffices
now to observe that the magnetisation over B, (L) is a.s. bounded in absolute value
by wL2.

Another useful observation is that the impact of imposing a forbidden region
for cut-off ensembles can also be very well controlled. In formal terms, we claim
that for a collection y of a-large contours, & > 1, in B,(L) we have

[EM,, (AP 0) — g (ALF 0| = 0 (Area(y @ Ba(1))
= O (length(y)). (3.19)

This is an immediate consequence of the fact that, by (1.7), under the canoni-
cal coupling of APk«B2AL) apd A]E@],;:’BZ(L) the probability that the colours assigned
to a given point x by these ensembles differ, is of order O(exp(—c dist(x, y))),
c> 0.

The argument leading to (3.18) and (3.19) above can be easily modified to
yield the following combination of these relations. Let ¢ be a collection of w-large
contours in B,(L). Then

[EM, (AL U y) = IMIBIML(y)] = Olength(y)) (3.20)

provided « > Clog L for sufficiently large C.
The main result of this section is the following moderate deviation bound

Theorem 3.1. For each B large enough there exists a positive constant
Cy = C(B) such that, uniformly in L, o > C;log L and in finite collections y
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of polygonal contours in R* we have for all0 < A < C’1L2/ log L
[Bliae,B2(L) [Bli.Ba(L)
P(IM, (A" Uy) — EML (A5 Uy)| > 4)

=ev (- [fiAﬁD

with some constant ¢ > 0.

Proof: Write

. [Blie. B2(L)
g, =My (ARG )

and let
ns = ng =My (APFRD) = e =M, (AP
For & € R consider the partition function

Z[h] :=Eexp (hug )

The following estimate, valid for all % satisfying (1.9), is the crucial ingredient of
our proof:

log Z[h] < hEuS , + h*L*c?/2 (3.21)

for some o > 0, uniformly in L, y, o and /4 within the validity region of (1.9). To

see that (3. 21) sufﬁces to complete the proof of the theorem, take first 0 < 4 <

£ i Z ,puth =~ LZ which clearly satisfies (1.9), and then use Markov’s inequality

to conclude that

Z[h]
exp(h(Eng , + 4))

P(ug, >Euf , + 4) <

2

< exp(h’L?0%/2 — Ah) = exp (_m
o

> . (3.22)
Next, for 4 > ﬁggz choose k¥ < /2 — 2 and C(B, k) as in Lemma 2.1 and
assume that C; in the present lemma is chosen so that & := 2C(8, x)log L < «.
Then, on the event {/L%yy > EM%,V + A}
there are two possible scenarios:

e The total length of &-large contoursin L (A[ﬂ “ IBZ(L)) exceeds =2 Wthh

can happen with probability at most M exp( ZKA) by the exponentlal
tightness Lemma 2.1,

e The total 1ength of @-large contours in L, L(.A [Blser, IB32(”) does not exceed

72121(' Since % is the lower bound for the length—to—enclosed—area ratio for
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an a-small contour, this means in particular that the total area enclosed
by @-large contours of A ;‘BZ(L) falls below A4/4. Denoting by 7 the

family of contours Ly, ; (.A[ﬁ aB,(L)g: : ) Uy and taking into account
that the change of magnetisation induced by adding a contour is bounded
in absolute value by twice the area it encloses, conditionally on given p,
we are led to

Euf ;< BM, (AZS5O Uy ) 4 a7

Now, in full analogy with (3.19), on the considered event we get,
- " 24
[B1:a.Ba(L) a | _ (24
s, (250 ) -m | = 0 (27,
Next, in full analogy with (3.18), we have
[Eu$ , — pory, | = O(L* exp(—ca))

which goes to 0 faster than the inverse of any polynomial under appropriate
choice of CB, k in Lemma 2.1. Putting the above relations together we
conclude that

Eu‘i <Eu§ , + A4/2(1+0(1)).

14
Recalling that uf ,, given y coincides in law with ns 5> we are led to
P(u‘z,y > S ,I7)
<P(uf, >E],+4/2(1—o(1)).

Now, choosing C; so that 4 < ; = we can bound above the last prob-

ability by exp(—g5 L2) applying (3.22) with « and y replaced there by &
and p respectlvely

Combining the above two points with (3.22) and noting that the probability of
{uf , <Enj, — A4} can be dealt with in a completely analogous way, we obtain
the assertion of the theorem.

It remains to verify (3.21) for 4 satisfying (1.9). We extend the notation by
putting

ho. B.hla, By (L
Wiy =M ('A][Bz(L])?tV "y )/) :
Noting that
2

J «
— log Z[h] = Euf", e

a,h
- log Z[h] = Var[u%" ] (3.23)

and
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Taylor expanding the logarithm of the partition function up to the second
order term yields

Var[pg? ]
2

for some /* between 0 and /. We claim that, uniformly in L, «, y and 4 satisfying
(1.9), the variance Var[ui”})’,] is of the area order O(L?)

log Z[h] = hEu§ , + h* (3.24)

Var[u§” ] = O(L?), (3.25)

which, once established, will immediately yield the required relation (3.21) as a
conclusion of (3.24). To prove (3.25) we show that, for U;, U, C B;(L), uniformly
in y and in / satisfying (1.9)

[B.hl;a.By(L) . [B. 1] Bo(L)
Cov [MU] (Agiyy U Y)s My, (Ag gy - U y)]

= O(Area(U;)Area(Us)[Area(U; @ B,(1))
+ Area(U, @ By(1))]ec 4st(-12) (3.26)

for a positive constant ¢, with @ standing for the usual Minkowski ad-
dition. Indeed, with the representation provided by the graphical construc-
tion for area-interacting fields in Subsubsec. 1.2.2, conditionally on the
event {Any(U)) € Uy & By(S29-2)) - Ang(U) € Us @ By(82-2))) the ran-
dom variables My, (A]E;’i ’(”L];:O‘};BZ(L) Uy) and MUZ(AI[B’i ’(}'L];?;;BZ(L) U y) are indepen-
dent. But in view of (1.10) the probability of this event does not fall below
1 — O([Area(U, & B,(1)) + Area(U, & By(1))] exp(—c dist(U;, U,))). This ob-
servation combined with the fact that |My, (A][Bi’(T;?;BZ(L)N < Area(U;), i =1,2
implies (3.26). The required relation (3.25) follows now from (3.26) by usual
argument based on splitting B,(L) into ®(L?) disjoint regions of diameter and
area ©(1) and then noting that, with the magnetisation contributions coming from
distant regions exhibiting exponentially decaying covariances, the asymptotic or-
der of the total magnetisation variance Var[u‘z‘”};] is determined by the sum of
covariances between regions within distance ®(1) from each other, which yields
the desired order O(L?). The proof is complete. O

Remark3.2. Wenote that the bounds in Theorem 3.1 are of optimal order only for
the probabilities of positive deviations {ng, > Euj , + A4}, 4> 0. We believe
that the probabilities of negative moderate deviations { wi, <Eun7, —A}as well
as{u; < EBuy — A}, A <« L?, exhibit Gaussian-type decay exp(—(A4%/L?)) as
in classical moderate deviation regime, in full analogy with similar phenomenon

for the Ising model, see, Ref- 8, (1.1.2), (2.3.2) in Ref. 12 or Sec. 3.3.1 in Ref. 6 and
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the references therein. Since this falls beyond the context of our further argument,
we do not discuss this issue in the present paper.

As an easy corollary from Theorem 3.1 we conclude that

Corollary 3.3. With A, « and y as in Theorem 3.1 we have uniformly

(b (42, 09) - (42, )| 4

A2 4 )
<expl|l—c|—=A—1|])V O(L"exp(—ca))
L? «
with some constant ¢ > 0.

Proof: This is a direct conclusion of Theorem 3.1 combined with the observation
that the variational distance between the laws L( AP N B, (L)) and L(APE*BAL))
is of order O(L?exp(—ca)), as shown in the argument leading to (3.18)
above. O

Another useful corollary relies on a straightforward observation that the proof
of Theorem 3.1 applies with only minor modifications for AFL*E2() replaced by

AI[Bfi '&];O‘BZ(L) with |4| < H/a, H small enough. In formal terms,

Corollary 3.4. With H > 0 small enough, for each B large enough there exists
a positive constant C = C(B, H) such that, uniformly in L,a > Clog L, finite
collection y of polygonal contours in R* and |h| < H/a, we have for all0 < A <
C7'L?/logL

P ([na (ARG Uv) - B (AZEHS Uy )| > 4)

A> 4
SCXp —C ﬁ/\a

with some constant ¢ > 0.

We omit the proof of this corollary which is just a simple repetition of the
proof of Theorem 3.1.

Below, we provide some further auxiliary results related to moderate devia-
tion probabilities for cut-off ensembles. Note first that we can establish a bound
analogous to (3.25) for the third cumulant of Mi}}’, :

3

3
VA log Z[h] = O(L?) (3.27)
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uniformly in «, L, finite contour collection y and /4 satisfying (1.9). We omit the
details of the argument, based on the relation (1.10), since it goes along the same
lines as the proof of Lemma 5.3 in Baryshnikov and Yukich® (valid for arbitrary
order cumulants in fact). In particular, in view of (3.23) combined with (3.27), we
get for 4 within the validity range of (1.9)

Eug! =Eu§ , + hVar[u§ 1+ O(h*L?) (3.28)

uniformly in L, y. To proceed, assume that y is a finite contour collection in
B,(L) with Area(y @ B,(log” L)) < L?*/log L. We claim that under this condition
we have (3.25) strengthened to

Var[u§ ] = ©(L?) (3.29)

uniformly in y, L. Indeed, observe that by (1.7) the probability of the event
{Ang(y) Z ¥ ® By(log® L)} is of order at most O(L?exp(—clog® L)), ¢ > 0,
whence under the canonical coupling with probability 1 — O(L? exp(—clog® L))
the field A]E?_f’%(” coincides with AWPL*BAL) over the whole complement of

¥ @ By(log? L). Consequently,
|Var[p§] — Var[u§ ]| = o(L?).
Now, mimicking the proof of (3.18) we check that
|Var[p§] — Var[p,]] = O(L® exp(—ca)) = o(L?)

provided o > Clog L with C large enough. This will yield the required relation
(3.29) as soon as we show that for the field A#! the variance of magnetisation has
the required order

Var[u;] = QL?). (3.30)

To this end, we fix some large A > 0, large £ € N and small € > 0 and we note
that

inf {Var[MD (A[g])] | Area(D) > €22, card Vertices(D) <

k, length(dD) € [er, e~ 'A]} > 0, (3.31)

with the infimum taken over all bounded domains D with polygonal bound-
ary, possibly chopped off by intersecting with B,(L). Indeed, this can be
proven by observing first that the mapping D + ¢(D) := Var[MD(A[g])] ad-
mits only strictly positive values and it is continuous with respect to the pseudo-
metric p},(Dy, Dy) :=inf, g2 pu(D1, x + D;). Thus, putting DI[A, k, €] :=
{D | Area(D) > €)?, cardVertices(D) < k, length(dD) € [eX, e~'A]} and not-
ing that D[A, k, €] is compact in pj;, we see that ¢y := inf pepp i) P(D) > 0,
which yields the required relation (3.31). To proceed, note that the variance Var[ i, ]
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in (3.30) is bounded below by the expectation of the conditional variance of
given the ensemble of external (outermost) contours @ in AP N B,(L) satisfying
the constraints of the infimum in (3.31) for D := Intf. Thus, taking into account
that given the presence of such @ the behaviour of the process Al inside 6 is
independent of that outside 6 and then using (3.31) to conclude that each such 6
present brings a contribution of at least ¢ to the considered conditional variance,
we have Var[u; ] bounded below by ¢, times the expected number of external con-
tours 6 in AP NB,(L) as in (3.31) with D = Intd. Since this number is clearly
of the area order Q(L?), the required relation (3.30) has been established, which
completes the argument for (3.29).

Putting together (3.28) and (3.29) and the observations that 2z = o(1) by (1.9)
and that ]E/Lil; strictly increases with 4 we come to

Corollary 3.5. There are positive constants Ky = Ko(8) and C = C(B) such
that for each o > Clog L, each A with |A| < KoL?/a and each finite contour
collection y with Area(y @ By(log® L)) < L?/log L there exists a unique value
h = h[A, L, y] of external magnetic field such that

h o
Euny’, =Eug , + A
and
h=0(A/L%
uniformly ina, A, L, y.

Our next statement provides a lower bound for moderate deviation probabil-
ities of uf ,,, complementary to the upper bound of Theorem 3.1.

Lemma 3.6. Forall0 < A < L?*/a, with o and y as in Corollary 3.5 and with
a K L/log L we have uniformly in A, o, L,y

P (i, > EuS , + A) > exp(—O([A + Llog LT*/L?)).

Proof: Write using Corollary 3.5, putting for brevity 4[-] := h[-, L, y],
P(us , > Eu§ , +A) = P(lu§ , —Euj, —A—LlogL| < LlogL)
> exp (—h[A + Llog LI[Eng , + A+ 2L log L]) E

X exp (h[A +L logL],ui,y) IP’( n

J[A+LlogL A[A+LlogL
‘z’y[ o8 ]—EMZ,V[ o8 ]‘ < LlogL)

and use Jensen’s inequality to bound it below by

IP(M

exp(—h[A + Llog L[A + 2L log L]).

L,y L,y

a,h[A+LlogL] IEMa,h[AJrL logL]‘ <L logL)
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Thus, taking into account that A[A + LlogL] = O([A + LlogL]/L?) by
Corollary 3.5 and that P(|pg 218718 — G HEHEREH) < [ 10g 1) = 1 — 0(1)
in view of Corollary 3.1 completes the proof of the lemma. |

4. DECOUPLING LEMMA

The purpose of this section is to establish Lemma 4.1 stating that the avoid-
ance probabilities for the field AP over disjoint regions can be very well approx-
imated by the product of the corresponding avoidance probabilities for individual
regions. Even though this lemma is a direct conclusion from the graphical con-
struction, we state it in a separate section due to its importance in our further
argument.

Lemma 4.1. Assume that Uy, U,, ..., Uy, k > 1 are disjoint bounded regions in
R? such that min;; dist(U;, U;) > A > log[k supf‘:1 diam(U;)]. Then, for some
C > 0 we have

k
InlJu =9
j=1

k k
= (1 +0 ((10gk)eCA ZArea(U,— ® Bz(l))>> HIP (AP NU; =0).
j=1

i=1

Proof: The exponential decay of ancestor clan sizes in the graphical construction
(1.7) yields

P(£S) = O(Area(U; @ By(1)exp(—CA)), i = 1,....k  (432)
with
& = {Any(U;) < [U; @ B2(A/2)]}.
Write Z;, j =1, ..., k for the event
7, = {AFINU; = 0}
and use the canonical coupling of the graphical construction for APl with the

conditional graphical construction for the field .A 2 gy S provided in Sec. 1.2

to conclude that

k Lk/2] k k
P ﬂ 7, ﬂz) —P ﬂ T §P<U€f>. (4.33)
i=1

i=1k/2]+1 i=1 i=lk/2]+1
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Combining (4.32) with (4.33) leads to

k k
P (ﬂ I,-) = (1 +0 (Z Area(U; & Bz(l))e_CA))
i=1

i=1

Lk/2] k
xP(ﬂL)IP’ ﬂ Z|. (4.34)
i=1

i=1k/2]+1

The assertion of the lemma follows now by recursive application of (4.34). O

5. EXISTENCE AND PROPERTIES OF SURFACE TENSION

This section deals with the existence of the limit (1.15) defining the surface
tension functional specific for our model. The argument below relies on a number
of technical properties of the quantity T([)ﬂ ][~ < -] and is split into several subsec-
tions. Our main tool here is the random walk representation of surface tension,
stated in Lemma 5.1, and our main effort is concentrated on establishing the crucial
finite volume approximation Lemma 5.2. As everywhere in this paper, the results
below are valid for g large enough.

5.1. Optimising and Freezing Initial Segments

It will be convenient for our further purposes to switch between several al-
ternative but asymptotically equivalent variants and representations of the surface
tension. In this subsection we argue that modifying and freezing the directions of
the initial segments of the polygonal path in the original definition (1.13) of the
functional T(Eg] [x <> y] does not alter its asymptotic behaviour for large dist(x, v).

To this end we consider a version 72(%;)3] [x <> y] of the quantity T(Ef;][x < y], which

arises as the supremum of the integrals as in (1.13), but in which the initial point of
the first segment is now allowed in the whole B, (x, §) rather than just on dB,(x, §),
the endpoint of the last segment is allowed in the whole B,(y, §) rather than just
on dB,(y, 8), and the directions of both segments are fixed so that the integration
is carried out over the remaining segments only. It is easily checked that, provided
the distance between x and y is large enough,

CT I <y < Tl © )] < CTfx < ] (5.35)
for some C = C(B, §) > 1 independent of D, x, y. Indeed, the impact of taking
the first and last segments fixed in the optimal way rather than integrating over
them is easily seen to be only confined to close neighbourhoods of the initial point
and the endpoint of the path, and can be compensated at a constant probability
cost by appropriately adjusting a small number of initial and final segments. We



Dobrushin-Kotecky-Shlosman Theorem for Polygonal Markov 655

also consider finite volume versions T(Ef})) and f"(gﬁ]D) of T(Eg] and ZA"(E;’?] putting in
analogy with (1.13)

Touplx < y1:= / PAPI N o = B[O 1#)(do)

Cxovsd

and defining f(gﬂ},) in the same way as f(g’?] with the additional requirement that

the whole path be contained in D. If the domain D contains neighbourhoods of x
and y (say, By(x, 28) € D and B,(y, 26) C D), a relation analogous to (5.35) is
easily verified to hold for x and y far enough

CT T < Y1 < Tplx M < CTEL I < 5] (536)

with some C := C(B, §) > 1 independent of D, x, y.
We close this subsection with one more quantity, to be of use in the sequel,
for which a relation analogous to (5.35) and (5.36) is valid. Write

ol 3= [ [or o) o Ae ) (s
and, as in the definition of f}[)] [ < -], let 5([5)] [x <> y]bethe supremum of integrals
as in (5.37), but with the initial point of the first segment now allowed in the whole
B, (x, §) rather than just on dB,(x, §), the endpoint of the last segment allowed
in the whole B;,(y, §) rather than just on dB,(y, §), and the directions of both
segments fixed so that the integration is carried out over the remaining segments
only. Clearly, in full analogy to (5.35), we have with dist(x, y) large enough

Colllx < 1 < 0P © y1 < CoflIx < 3] (5.38)

for some C = C(B, 8) > 1 independent of D, x, y.

5.2. Random Walk Representation

The quantity T(Ef;] [x < y] admits a particularly useful interpretation in terms
of a killed continuum random walk in environment with random obstacles. To see
it consider a continuous-time random walk Z;,(x s := Z; in R? independent of
APl and governed by the following dynamics

® between critical events specified below move in a constant direction with
speed 1,

e with intensity given by 4 times the covered length element update the
movement direction, choosing the angle ¢ € (0, 277) between the old and
new direction according to the density | sin(¢)|/4.

The starting point and the initial velocity direction for Z, are chosen by
taking a straight line / crossing B, (x, §) according to the measure w(-)/u({/ |/ N
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B,(x, 8) # @}). The starting point of Z, is now taken to be one of the intersection
points of / with dB,(x, §), each picked with probability 1/2, while the initial
velocity vector lies on / pointing outwards B,(x, §). Let Z, = Z,;Ez(x,g) be the
random walk Z; killed whenever hitting its past trajectory. A crucial observation
is that the probability element of the walk Z; containing a given polygonal path
6 € C*=7 as its initial subpath is exactly

k
1
exp(—4length(0)) | | de(lex]), (5.39)
2u({l | 1N By(x, 8) # 0}) E
where e, ..., e, are the segments of 8 while /[e;] stands for the straight line

determined by ¢;. Indeed, the prefactor [2u({I | I N By (x, 8) # @})]~" comes from
the choice of the initial segment of Z, [the line on which it lies and one out
of two equiprobable directions, whence the extra 2~!'] while for the remaining
segments we use the fact that, for any given straight line /y, we have u({{ | [ N[y €
de, /(,1y) € dp}) = |sing|dld¢ with de standing for the length element on
lp and with /(/y,!) denoting the angle between / and /j, see Proposition 3.1
in Ref. 2 as well as the argument justifying the dynamic representation of the
Arak in Sec. 4 ibidem and the proof of Lemma 1 in Schreiber.'®) Note that the
direction update intensity for Z, was set to 4 to cancel out with the normalising
constant f02” |sing|d¢ =4 in the density |sin¢|/4 for the new angle choice.
Clearly, the formula (5.39) is also valid for Z, replaced by Z, since the paths in
C*=7% are by definition self-avoiding. Thus, taking into account that, by standard
integral geometry, w({/ | I/ N B,(x, §) # ¥}) = 27 é and recalling (1.11) and (1.12)
we rewrite (5.39) as 715[©*~»¥]121(d9). Consequently, recalling the definition of
C*<¥¥ and using (5.39) we come to

Lemma 5.1.  For each C C C*°¥ the following representation formula is valid
for the value of [©*<Y911(C)

[0 <°1(C) = 4n8Ecard{7 > 0 | Zi € (Z;)i=0 Nin 3B2(1, 8), Zp.y € C},
where (Zt),zg Nin 0B, (y, 8) stands for the collection of entry points of 7, into

B,(v, 8), with exit points not taken into account.

A simple yet useful conclusion of Lemma 5.1 is that, denoting by Z,[ﬂ 1=
Zt[ﬁgz(x, 5) the random walk Z; killed at rate § and, in addition, killed whenever
hitting its past trajectory, we have for g > 2

[@¥¥1PN(C) = dnsEeard(7 > 0| Z¥ 2 € (ZF )20 N 9B (0, 8),

516-2)
x 2l A e c). (5.40)
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Consequently, writing now Z”! = 7 ,[%2(){, 5 for the random walk Z, killed at rate

B and, in addition, killed whenever hitting its past trajectory or a contour of AP,
in view of Lemma 5.1 and (5.40) the definition (1.13) yields

T'[x < y] = 4w sBeard[(Z{" )20 Nin 9Ba(y, 8)]. (5.41)

A similar representation can be provided for T(Ef]D)’ by additionally killing the
random walk whenever it hits 9 D. A corresponding representation for T(£] and

YA”(E;'?I]D) can also be given, yet we omit it because it is unessential for our further

purposes and involves certain technicalities due the fixed last segment.

5.3. Finite Volume Approximations

The following lemma shows that T (a) [x < y] is well approximated by

T(Eﬂ,)[x < y] for sufficiently large domains D. We write [1(x <> y;§) for the
square of sidelength 26 + dist(x, y) with one pair of its sides parallel and equidis-
tant to [x, y] and with the remaining two sides at the distance § from x and y
respectively, perpendicular to [x, y].

Lemma 5.2. For each sufficiently large > 2 there exists a constant C =
C(B, &) > 0 such that

CTHx < ¥ < T o yaylx < 9] < T < ¥]

whenever dist(x, y) is large enough.

Proof: The relation 7% ®: H(“_) paplx < vl = T(Ef)} [x <> y]is obvious and only the

remaining inequality T(Eg [x < y]l<C T(ES}I(X(_W; sylx < y] requires verification.
In view of the random walk representation (5.41) it will follow as soon as we show
that

P ossylx <> 71 = €7 PP x < ] (5.42)
for some C > 0, where
PP o )]:=P ((2,“3‘2])tZO reaches 3B (y, 5))
and
PYL v o y] =P (( 21P72) _, reaches 9BB;(y. 8) before hitting aD) .

Indeed, it is easily argued that upon hitting dB,(y, §) once, the random walk
Z t[,s s unlikely to hit it too many more times and, consequently, the expectation
on the right-hand side of (5.41) is bounded above and below by some constant
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multiplicities of the probability on the right-hand side of (5.42), the same obser-
vation holds for the corresponding representation of the finite-volume quantity
7}%/;31].[(“_) ysylx < y]. We omit the tedious technical details of this conceptually
simple argument.

The proof of (5.42) splits into two parts. First, denoting by R;(x < y;8) the
infinite strip between the lines determined by the sides of I[1(x <> y; §) perpendic-
ular to [x, y], we show that

P([£][x < y] = CP([;?]Rl(xey;S))[x <~ y] (543)

for some C > 0. Below it will be convenient to use the name x-line (resp. y-line)
for the boundary line (side) of R (x < y;48) at the distance § from x (resp. y),
perpendicular to [x, y]. Next, writing Ry(x < y;§) for the infinite strip contained
between the lines determined by the sides of I1(x <> y;8) parallel to [x, y], we
show that

PPIx < y] = PEL ooy lx < 911+ 0(1). (5.44)

as dist(x, y) — oo. Write
(6] (6] (6] (6]
Poneysyl® < ¥12 Py)lx < y] = (P(m [x < YIPGR royaap X < Y])
(6] (6] (6]
- (P<6> [x < Y] = Pispygopsnl* < ﬂ) = Poriroyaplx < V]

(8] [8]
+ Pi.ryxopoplX < Y1 = Py [x < y].

Combining this with (5.43) and (5.44) yields (5.42) as required for completing the
proof of the lemma.

To proceed with the verification of (5.43), on the event that the random walk
Z ,[’S 2 reaches B, (y, 8) before being killed we decompose its trajectory into three
subpaths

® lroys 1= (2[[/372])[

while 7, is the last time 2~ hits the x-line before T).
° [ = (Zt[ﬂle)
6 (7

where 7, is the first time 2,[’3 2 hits the y-line

7,7’

[0,%]

t>t,’

with the additional convention that 7, := 0 if Z ,[ﬁ =2 does not reach the x-line and
T, = 400 if Zt[ﬁ ~2 does not reach the y-line (we set respectively ¢, := @ and
¢y := ¥ in these cases). On the x-line we construct a double sequence (x;);ez of
points with x; 4 lying at the distance |k|§ from x; (say above for & > 0, below for
k < 0) and with x, coinciding with the intersection point of the x-line and the line
extending [x, y]. The sequence (););cz on the y-line is constructed in the same
way and ordered in the same direction as (x;). Let x* denote the point in (x;);cz
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which lies the closest to ZQS] if 7, > 0 and X := x otherwise. Likewise, let $ be
the point in (3;);ez lying the closest to 2;5—21 if 7, < 400 and j := y otherwise.
With this notation it is easily seen that

P([sﬂ)][x <] < Z Z

fe{x}Ulx;, i€Z} pe{ylUly;, jeZ}
x P [ < 10¥x o %9 <y, (5.45)
(B:Ry (x<38)) YIEe) RAREL :
where QEf)] [x <> X; P <> y] stands for the supremum over the possible realisations
of ¢y, connecting B,(x, §) with B,(J, §) of the conditional probability, given

{x<sy, that the random walk 2,[’3_2] connects B,(x, §) to B,(x, §) and B, (p, §) to

B,(y, 8). Since Z,[‘g ~2 is killed with the constant rate B —2 > 0, for arbitrarily
small € we can find A = A(¢) such that, uniformly over x, y with dist(x, y) large

enough,
Yo Y ol o xiy oyl

xi, dist(x;, x)>A Y,

+> Y ok exy orl<e (5.46)

Xi o yj, dist(y;,y)>A

Putting (5.45) and (5.46) together yields

(8] [B]
Pl oyl= )0 DI NN el
X;, dist(x;,x)<A; y;, dist(y;,y)<i

+esup PLY syl < 3i1- (5.47)
XirYj

For dist(x, y) large enough the double sum in (5.47) can be bounded above

by some constant C[\] times P([(@zl woyaylX < V] because each path of 2,[5 —2
connecting 0B,(x;, §) to dBy(y;, ) in Ri(x < y;8) with dist(x, x;) < A and
dist(y, y;) < A can be modified into a path connecting dB;(x, §) to 9B, (y, )
in R|(x < y;§) by an appropriate surgery between x and x; and between y and
y; at a probability cost depending only on A. It seems natural to expect that

the supremum sup,. P([f}?](xey;é)) [x; <> y;] admits an upper bound very close
to P([f;] [x < y], because dist(x;, y;) > dist(x, y) for all x;, y;. While we are not

able to establish such a bound, we easily show that there exists a positive constant
C’ with
plAl o 1< O Pl 548
SUP Ps;ry resyipp i <> Vi1 = C Py [x < y] (5.:48)
Xi, Vi

uniformly in x, y with dist(x, y) large enough. Indeed, this is done much along
the same lines as in the considerations leading to (5.45) and (5.47), so we only
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sketch the argument omitting technical details. We split each path of the random
walk Zt[%:é]l 5) connecting 9B, (x;, §) to dB,(y;, §) into two subpaths: the initial
subpath ¢; connecting 0B,(x;, §) to some dB,(z, §), z € 87* with |dist(x;, z) —
dist(x, y)| <& (in fact, z can be chosen as the 8Z°-lattice point closest to the
point where the random walk Zt[%:é]l 5 first gets at the distance dist(x, y) away
from x;) and the remaining subpath ¢,. Integrating over ¢; for fixed z yields a
value bounded above by a constant multiplicity of P([f)] [x < y] with this prefactor
(arbitrarily close to 1 for 6 small enough) due to the fact that dist(x;, z) differs
slightly from dist(x, y). Integrating over ¢, conditioned on ¢; and summing over
z yields only a constant prefactor — the sum of integrals converges due to the
constant killing rate 8 —2 > 0 along ¢. This proves (5.48). Combining now
(5.47) with (5.48) and with the discussion directly following (5.47) we obtain

PYx < y] < CONPLY (oyylx < 11+ €C'PPx & y]. (5.49)

Choosing € small enough so that eC’ < 1 (recall that C’ does not depend on
1) completes the proof of (5.43). To establish (5.44) we denote by vy, the unit
vector pointing from x to y, i.e. vy, := (y — x)/dist(x, y), and for small > 0
we consider the event &g, [x < y] that

¢ The random walk (Z,Ds*z])po reaches dB,(y, §),

e The scalar product of vy, and the current velocity vector of Z,[ﬁ s in
[1 — n, 1] for all time moments ¢ > 0 before dB,(y, §) is reached.

Observe that on the event 5( y[x <> y] the total length of the path of Z; A
connecting dB,(x, §) to dB,(y, §) cannot exceed [dist(x, y) + 28]/[1 — n]. Since
APl is stochastically dominated by the Poisson contour process Pgs1, as follows
by the graphical construction of Sec. 1.2, we conclude that there exists k > 0 such
that for all B large enough

JP( 9 Ix o y]) > exp (— [% + K:| (dist(x, y) + 28)) . (5.50)

Indeed, to see it we:

e Split the strip Rj(x < y;§) with equidistant straight lines perpendicular
to [x, y] into ®(dist(x, y)) equal-sized strips.

e Construct a path of the random walk Z connecting 9B, (x, §) to 9B,(y, §)
and such that the scalar product of vy, and the current velocity vector of
Z, falls into [1 — 5, 1] for all time moments before dB,(y, 8) is reached.
This is done by constructing and patching together subpaths of Z crossing
individual strips, at a constant probability cost per strip.
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e Use the stochastic domination of A#] by Pgis to conclude that the prob-
ability that the so constructed path of Z, avoids A#l is bounded below by

exp(—O(dist(x, ))).

® Check for survival of the so constructed path under 8 — 2-killing, which
yields a probability prefactor bounded below by exp(—f%f][dist(x, »)+
28)).

By the definition of S([f 37), for dist(x, y) large enough this procedure allows us

to bound below the probability of this event by exp(— (ﬂ + «)[dist(x, y) + 28])

forsome x > 0, asrequired. Since Pgis) stochastically dommates P for g/ > B,
this technique works uniformly in 8 large enough. We omit tedious technical details
of this standard argument. To proceed, define the event R(a) [x < y] that

e The random walk (2,[’372])20 reaches 0B,(y, §),
® The random walk (Z[ﬁ _2])t20 hits dR,(x <> y;8) before reaching
B, (v, 8),

and observe that on RE?} [x <> y] the length of the path connecting 0B, (x, §) to
0B, (y, 8) has to exceed ﬁdist(x, y) — 24 and, hence,

P (R{f) [x © y]) < exp (—(,3 — 2)[/5/Adist(x, y) — 25]) . (5.51)

Noting that IE”(E[‘3 L)[x < y]) <P (s Rz(ﬂ_)y 8))[x <> y] for sufficiently small »
and putting (5.50) together with (5.51) we see that, for 8 large enough,

[6]
P lx < Y] = Pheoyaylx < ¥ = ( < y])

[B]
=0 (P(B;Rz(xey;é))[x < y]) .

This yields (5.44) and hence the required relation (5.42). The proof of Lemma 5.2
is complete. d

5.4. Existence and Finiteness of Surface Tension

In this subsection we use the preceding results of this section to show that

Lemma 5.3. The limit defining the surface tension functional t'f) in (1.15)
exists, is finite and strictly positive.

Proof: The main work has already been done in Lemma 5.2. In view of the
relation sup, . »; r)\[ﬂ < so0as easily deduced from (5.50), the required existence of
the limit in (1.15) will follow by a standard almost-subadditivity argument once

we establish the following auxiliary lemma. |
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Lemma5.4. For D[\, A;] := (log[A1 + A2])? and Ay, A, large enough we have

(A + A2 + D[Aq, Az])r}Ef}i}\2+D[}\l,}\2] < )»17—1[/13] + Aﬂ,{f] + O(D[A1, A2])).

Proof of Lemma 5.4. For fixed § > 0 consider disjoint squares IT; := IT(0 <>
)xlex; 5) and H2 = H(()\.] + D[)\], Az])ex <> ()\1 + )\2 + D[)\.] , )tz])ex;(S), sepa-
rated by a moat of width D[A;, X,], and observe that, since D[A}, A;] > log[A; +
Az2], by the decoupling Lemma 4.1 applied to U; := I1; N O, U, := I1, N O, with
6 standing for the integrand polygonal path in the definition (1.13) of T([f ] [ <1,
it follows that

T(E;i][o < (h + Az + D[, aDe]
e 0Pl T 10 Are 1 TYL [ + DA, A2))
xe, < (b +Aa + D[A1, Aae.], (5.52)

with the prefactor e~ ?(P*122D due to patching together pairs of paths 6; in
COotesd and @, in CHHPIRRDecotutiatDiAalesd - both disjoint with AT,

into paths 6 falling into CO<*iFh2+DlrRa]ess dlSJOlIlt with A1 by construct-
ing a path connecting 6; and 6, across the moat of width D[X;, A,] separat-
ing IT; and II,, according to a procedure completely analogous to that used
in the argument leading to (5.50). Note that the fact that the patching pro-
cedure involves here conditioning on A!#l being disjoint with 6; and 6, does
not affect this argument because the conditional graphical construction of the
process A]R2 0, Suarantees that it is stochastically bounded by P10, and
hence by PO[;‘J] as used in the proof of (5.50). To proceed, apply Lemma 5.2
to conclude that the quantities T(ES‘?][O < \1e,] and T(ES‘;’I][(M + D[A1, Az])er <
(A1 + A2 + D[A1, A2])ex] are bounded above by constant multiplicities of
their respective finite volume counterparts T(Ef}m[o < Aie,] and T(Efl]]z)[()t 1+
D[A1, A])ey <—> (X1 4+ X2 + D[A1, X2])e,]. Combining this conclusion with (5 52)
shows that T(a) [0 < (A1 + A2 + D[A1, 22])es] = exp(—O(D[Aq, )tz])) ®) [0 <~
)tlex] &) [()\.1 + D[)\.], A.z])ex <> ()\.1 +)\.2 + D[)\.], Ag])ex] for some C > 0,
which completes the proof in view of the definition (1.14) of t[f ], i=1,2. o

Completing the Proof of Lemma 5.3. With the existence of the limit in (1.15)
established we now easily conclude its strict positivity from the positivity of killing
rate in the random walk representation (5.41) while the finiteness of [#! follows
by the probability lower bound (5.50). O
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6. SKELETON ESTIMATES

The purpose of this section is to provide coarse-graining estimates based on
skeleton calculus. For «, § > 0, always assumed to satisfy o >> § and to tend to
oo as L — 00, by an («, §)-skeleton in B,(L) we shall understand a collection
(L, E\, L, Ey, ..., I, Ey) of pairwise different points (skeleton vertices) in
By(L)N 7%, with I, I, ... referred to as the inifial points, Ei, E,, ... as the
corresponding endpoints and [I{, E1], [, E2], . . . as the skeleton segments, where
the following is satisfied foralli = 1,...,m

(S1) a — 2 < dist([;, E;) < a + /2.

We say that a collection y of «-large polygonal contours is compatible with
an («, §)-skeleton ¥ = (11, Ey, ..., Ly, En), write y ~ %, if the following holds
foralli=1,...,m

(S2) There exists a contour §; € y and points [/, E] €6; such that
dist(Z;, I]') < Lz, dist(E;, EV) < J% and dist(/;, x) < o« + JL? forallx €
60:[1”, E'1with 6,1, E! ] standing for the polygonal path from 7" to E/
along 6;,

(S3) Either we have dist(;, {I1, ..., li_1}) < a@ + 8 4+ +/2 or i is the smallest
index with 1/ € 6; for some 6; € v,

(S4) For each x € y we have dist(x, {/1,...,I,}) <2a+§+ \/5

(S5) The polygonal paths 6; [Iiy, E l" ] are in a distance at least § away from each
other.

Roughly speaking, the motivation underlying this definition is the follow-
ing. For two distant points x, y with dist(x, y) = Q(«) connected by a polygonal
subpath of a contour we want to find a collection of approximately equal-sized
segments [/;, E;] of length «(1 + o(1)), lying on this path and such that their
overall length is at least dist(x, y)(1 4+ o(1)). Being only concerned with this to-
tal length condition, as ensured by (S3) stating that the distance between initial
points is close to the single segment length, we do not require that these segments
form themselves a connected polygonal path or that their ordering agree with the
orientation of the path. On the other hand, we do impose an explicit lower bound
(S5) for distance between polygonal subpaths crossing different segments, thus
ensuring the applicability of the decoupling Lemma 4.1 in our further argument. It
should be emphasised that this approach, considerably simplifying our argument
in the sequel, can only work in an isometry invariant setting, as ours, where it is
justified to look only at the total length of phase interfaces while ignoring their
local directions, ordering etc.

We say that a collection y of «-large contours dominates an (¢, §)-skeleton
¥, write y > X, iff y contains a sub-family of contours y’ with y’ ~ X. Further,
by the length of a skeleton ¥ = ({1, Ey, ..., I, E,), denoted length(X), we
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understand the total length of skeleton segments Y ;| dist(/;, £;). We write also
N(Z) for the total number of initial and endpoints in X. We say that a collection
y of a-large polygonal contours is well covered by an («, §)-skeleton X, write
y o X, if the following holds

oy~ 2,
e ¥ maximises length(X) among skeletons compatible with y.

We will often use the ~, >, o notation for contour collection containing also
a-small contours, in which case we shall always mean that the appropriate relation
holds for the corresponding sub-ensemble of o-small contours.

For an (a, §)-skeleton ¥ we consider the corresponding black phase area,
denoted in the sequel by Area(X), and given by

Area(X) := sup Area(black[ U 9])
yxZ

ey

In other words, Area(X) is the supremum value of possible black phase area which
can be enclosed by a collection y of «-large contours well covered by X. We note
that for some X there may be no such y in which case we put by convention
Area(X) := 0.

Lemma 6.1. For a collection y of a-large contours there exists a compatible
(a, §)-skeleton X.

Proof: Choose an initial point /; € Z* N B,(L) at a distance less that 1/+/2 from
some 6 € y, set [ ly to be the point of #; minimising the distance to /; and let £ {'
be the first point (say in clockwise order) on 6, at the distance o from ]lV (note
that the distance considered here and below is the usual Euclidean distance and
not the distance along the contour 6; !). Set E; to be the point of B,(L) N 24
which lies the closest to E]. The conditions (S1),(S2) for i = 1 is now easily
verified. Further, if existing, choose ) to be the point minimising the distance to
oI, E }/] (with ties broken in an arbitrary way) among the points Izy in y with
the property that there exists £ € 6, with dist(1} , E;) = a, dist(/y, x) < « for
all x € 6,[1), EY] and dist(6;[1] , E{], 6:[1) , E5]) > 8, where 6, is the contour
of y containing 7, . Note that if 9; = 6, then dist(Z} , 6,[1] , E{]) = & and hence
dist(1]’, 1)) < a +3.

In case such 12’/ and E; exist, we define I, and E; as the best approxi-
mations in Z> N B,(L) of Iy and EJ respectively, getting the required relations
(S1),(S2),(S3),(S5) for i = 2. On the other hand, if such a pair (1, , EY) fails to
exist, we conclude that no point of y lies further than o + 8§ away from 6,1, E] ],
for otherwise we could find /) and E} with desired properties. In this case by
(S2) we have dist(x, /]') < 2« + § for all x in y which yields (S4), and (S3),(S5)
are obvious, whence ([}, E)) is already an (¢, §)-skeleton compatible with y.
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We proceed inductively with this construction, adding new pairs
(Ii+1, Ei+1) obtained as the best lattice approximations of (I, E],,
with [/, arising as the point minimising the distance to U, 6;[1], E7]
among the points I/, € 6,4 € y for which there exists E/ | €64, with
dist(1,,, E ) = a, dist(I}, |, x) < « forall x € 6,41[1,,, E], ], and such that
dist(0;1[ 1]y, B[ 11, U < 6,117, E7]) = 8. We note that if 6,1 = 6; for some
j <i then dist(]l.’;l, Ujsi (17, E}']) = & and hence dist(I/, |, {I{, ..., I/} <
o + §. The construction terminates when no further pair can be found, and it is eas-
ily verified as in the argument above that the resulting collection (1}, E1, I, E», ...)

is an (¢, 8)-skeleton compatible with . The proof is complete. O

J=i

Recalling that, by the definition, skeletons have their vertices pairwise differ-
ent and belonging to B,(L) N Z? and hence their number is finite, we obtain the
following corollary as an immediate conclusion of Lemma 6.1.

Corollary 6.2. Each finite collection y of a-large contours can be well covered
by some («, 8)-skeleton X.

A particular feature of the notion of skeleton as introduced in this section
is that if two polygonal subpaths of some contours go very close to each other,
it may happen that only one of these subpaths will contribute to the total length
of a well-covering skeleton because of the requirement that subpaths going along
the segments of the skeleton keep distance at least 6 from each other as imposed
in (S5) above. However, this does not lead to problems in our further argument,
since we are mainly concerned with minimising the skeleton length given the
enclosed area, where collections consisting of multiple contours are outperformed
by singleton ones. This is made formal in the isoperimetric lemma below.

Lemma 6.3. Assume that A < o°. Then for each (a, 8)-skeleton X in By(L)
with Area(X) = A, A € [0, wL?], we have

length(2) > 2v/7 A[1 — O(8/a)] — O(a).

Proof: Below, we restrict our attention to skeletons ¥ with length(¥) < 2n L,
since otherwise our assertion is obvious.

Pick some collection of «-large contours y* o« ¥ with Area(black
[UG*ey* 0*]) = Area(X) — o(1) = 4 — o(1), and observe that, by the definition
of the relation «, to prove the lemma it is enough to construct £* with y* ~ X*
and such that, for 4 > o2,

length(S*) > Ay(A4) (6.53)
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for a non-increasing function 4 — (4) = ¥ (4;«, §) with 4 — Ay (A) non-
decreasing, satisfying

U(A) =27/ A[1 — 0(8/a)] — O(cr) A) (6.54)

(note that the statement of the lemma trivialises for 4 = O(«?)). Without loss of
generality we can and do assume that y* contains no nested contours, for otherwise
we could simply remove the internal contours increasing the area enclosed by y*,
proceed with the construction below for the so reduced y * obtaining ¥* of required
length, and then construct some additional skeleton segments for the internal con-
tours and add them to X* thus increasing its length even further. We also assume
that y* contains only contours for which dist(6*, _J 5 ey \(0%) 8*) > 64«. This does
not result in loss of generality because finding a sub-collection y* of contours sat-
isfying this condition and such that all other contours of y* are contained in 64«-
neighbourhood of | 7*, and then constructing >* for p*, we see that the total area
enclosed by the contours in y* \ 7* is of order O(« length(£*)), whence by (6.53)
for &% we get length(fl*) >[4 — O« length(ﬁ)*))]w(A — O(x 1ength(ﬁ)*)) and
consequently, by (6.54), length(X*) > length(f]*) > Ay (A) — O(a) provided
o length(f]*) = 0(A). The remaining case length(f]*) = Q(A4/a) is easily han-
dled directly, by considering subcases 4 = O(a?) and 4 > o?.

The proof of existence of X* satisfying (6.53) goes by induction with respect
to the number n* of contours in y* = {6, ..., 6.}, assumed to be ordered by de-
creasing enclosed area. For n* = 1 the assertion follows immediately by standard
isoperimetric argument: note that the correcting term 4 O(«/A4) = O(«) coming
to the RHS of (6.53) when substituting (6.54) is due to the admissible distance
O(w) between a skeleton and a compatible polygonal path [see (S4)], while the
prefactor 1 — O(8/«) there comes from the fact that, in the single contour case,
the distance between the initial point of a given skeleton segment and the set of
preceding initial points may exceed the length of the segment by at most § + 2+/2
[see (S1),(S3)], which is fraction O(8/) of the segment length.

To proceed, take n* > 1. We split our argument into three possible cases.

Case 1: Say thatapointx € 6. is a-seen from a contour 6 € y* iff dist(x, 6)) <
4. Assume that the total length of the set seen(f;., 67; o) of all such
points exceeds 16« for some i < n* and recall that, as assumed above,
there exists x € 6% with dist(x, | i <n 07) > 64a. Patching 6,. and 6
together with additional polygonal paths at two extreme points x;, x, of

seen(f., 6;; o) and removing the internal parts of both contours between

x1 and x,, we replace 6. and 67 by a single contour 8}, which can be
made disjoint with all remaining contours 9;‘, j #i,j # n*. Denote
by vy} the contour collection resulting from y* by replacing 6. and

67 by 0 and possibly removing some further contours which would

become nested due to this replacement. It is easily seen that, by our
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Case 2:

assumptions above, any skeleton X% ~ y¥ can be modified into X* ~
y* with length(X*) > length(X}). Thus, the assertion (6.53) for y*
will follow if we are able to find such X7 with length(X}) > Av(4).
However, this is ensured by the inductive hypothesis in view of the
relation Area(black[..,. 6]) > Area(black[[.c,. 0*]).

Next, suppose that length(seen(6;., 67; «)) < 16« for alli < n* and that
A, > o2, where 4, stands for the area enclosed by 67.. Recall in addi-
tion that there exists x € 6. with dist(x, {;_,. 6]) > 64a. We construct
an (o, §)-skeleton X* as follows. Put y* := y* \ {6} and observe that
the area enclosed by y* is 4 — 4,+ — o(1), which is due to the fact that
there is no contour nesting in y* as assumed above. We let £* be an
(a, §)-skeleton such that

length(£*) = [4 — A, [0 (4 — A,) = [A — A JW(4),  (6.55)

with its existence guaranteed by the inductive hypothesis [note that 4 —
Ay > a? since the contours are ordered by decreasing enclosed area].
The skeleton X* can be extended to a skeleton ¥* compatible with y*
by the procedure described in the proof of Lemma 6.1. Denoting by
S* ;1= X*\ X* the collection of newly added segments we see by our
assumptions for Case 2 that S* can be in its turn extended to an (e, §)-
skeleton S* compatible with {6} by adding at most O(n*) new segments
covering seen(6,., 6;; o). Thus, using isoperimetric argument, as applied

for the case n* = 1 above, we are led to
length(S*) > A, (A4,+) — O(n™). (6.56)

Recall now that the contours 6}, 65, ... are ordered by decreasing en-
closed area, whence

Ay < AJn*. (6.57)

Using (6.57) to rewrite (6.56) as length(S*) > 4,:[y¥(4,:) — O(n*/
Ay)] > Ap[¥(Ap) —O(A/A2.)] and then applying (6.54), noting that
A, < A/2 by (6.57) and resorting to standard calculus in order to
check that, for o large enough, we have ¥/(4,:) — O(A4/A2.) > ¥ (A)
for A,- > A%/*, we conclude from (6.56) that length(S*) > A,y (4)
for A,- > A*3. On the other hand, the trivial bound length(S*) > o
is easily seen to yield length(S*) > A,y (A4) whenever 4, < a+/A.
Since we assumed that 4 < o in the statement of the lemma, we get
a~/A > A3 which leads to

length(S8*) > A,y (A) (6.58)
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for all A, within range of (6.57). Combining (6.58) with (6.55) and
recalling that length(X*) = length(X*) 4 length(S*) yields the required
relation (6.53) for Case 2.

Case 3: Assume now that 4, = O(a?). Then the required relation (6.53) can
be obtained along the same lines as in Case 2 by recalling that
dist(6,, U, _,« #7) > 64a and noting that putting such 6. into y* re-
sults in large added length to added area ratio, exceeding ¥/ (A). The only
reason for discussing this case separately is the technical fact that 1/ (A4,+)
is formally not defined for 4,+ < Ca? unless C is large enough.

The proof is now complete by induction. O

With the concept of an («, §)-skeleton discussed above we are now in a
position to proceed to the main result of this section.

Lemma 6.4. Witha — 00,8 — ocoanda > § > log L, we eventually have for
each (o, 8)-skeleton X in By(L)

P (A[ﬁ] > 2) < exp (—roEﬁ] length(Z)) .

Proof: For a contour collectiony > X, y = {6, ..., 6;} we consider the parti-
tion X[y] = {S[61], ..., S[6]} of X into disjoint sub-skeletons S[6;] composed
of segments [/, £] with the corresponding points /7, E?, as given by (S2), lying
on 6;. Note that some S[6; ] may be empty. Moreover, for a non-empty sub-skeleton
S C ¥ we write [S] to denote the family of all contours 6 such that dist(/, 8) < 1/
V2 and dist(E, 6) < 1/+/2 for all segments [/, E] € S. In particular, we always
have 6; € [S[6;]] provided S[6;] # @. In view of (1.6) or, equivalently, by the
graphical construction of Sec. 1.2, we see that

(s

k
x [ a0 @), (6.59)
i=1

where the sum ranges over all possible partitions {Si, ..., S;} of ¥ and with
the inequality rather than equality above due to the fact that we do not restrict
the domain of integration to non-intersecting contours 6; and that more than one
contour of AP might occur in [S;], moreover it is not guaranteed that S; = S[6;].
We fix a partition ¥ = &) U ... U S, and, to distinguish between vertices coming
from different sub-skeletons S;, j =1,...,k, we subscript skeleton vertices
with the corresponding sub-skeleton names, writing /;.s, and E;.s,. We also put
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= {61, ..., 6;}. Denote by P;.; the polygonal subpath 6; [fie" JE 19 7] of the contour
0; € [S;] in the above integral, with f % and E % standing for the points of 6;
closest to /;, S5 and Ej;s; respectively. Note that the points I " and E " do not have
to coincide w1th I VS and EY i.s, as specified by the correspondence (S2) implied by
y ~ X; yet we clearly have dist(7]}g . i)y < V2 and dist(E/ g » EY) < V2. The

reason for introducing f % and E rather than simply using S, and E”, s, in their
stead is to ensure measurable dependence of P;; on ;.

Observe that by condition (S5) the distance between different P;;; does not
fall below 6. Given the collections (6) := (6;) and (P) := (P;;;);,; we consider the
events

7:,[0;1 := (AP n P, = 0}
Taking into account that Area(P; ; @ B»(1)) = O(length(P; ;)) = O(«r) and using
the decoupling Lemma 4.1 yields uniformly in (6)

k
mIi;j 0,11 = ]_[ P (Z:.;[6;1) (1 + O(exp(—C$) length(X)log N(X))).
N (6.60)
To proceed, note that, by (6.59),

P (A Z /SI]X . ﬂzje] Hd®[ﬁ(9)

~~~~~ l_[

and hence, in view of (6.60), applying the rough bounds N(X) = O(L?) and
length(X) = O(L?) we obtain

k
P 3 /S [T @100 [Ta0% )
1] i=1

X...X[Sk] i

.....

x (1 4+ O(exp(—C8)L> log L)).

For an endpoint £ s, we write ¢(E;;s,) to denote the skeleton vertex /s, or Iy;s,
directly succeeding E;.s, in clockwise order on 6;. Then, by the formulae (1.13)
and (5.37) for T (] [- < -]and ﬁ[ﬂ ][ < -] respectively, in view of the definitions

of T([f ][ < ] and z?(,) [ <> -] as provided in Subsec. 5.1, and by the definition
(1.4) of the free contour measure and (1.11) of the free path measure we are led to

P (AV Z Z]‘[( [IseE,s]ﬁ(])[Eseg(E,s)])

x (14 O(exp(—C8)L? log L))C;'™, €, > 0, (6.61)
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where the inner sum ranges over all possible successor assignments ¢ and where
the extra factor CIN(Z) comes from integrating out the configuration of contours
6; within 1/ «/z-neighbourhoods of Iis, and Eis,i=1,..., which are sub-
ject to optimisation rather than integration in definitions of YA"(U)Q ][- < -] and 1??([’?]
[ < -]. Recall that dist(£;.s,, §(Eis;)) > 8 — V2 in view of (S5) and then use
the random walk representation of Lemma 5.1 and (5.40) combined with (5.38)
to conclude that 19 [x < y] = exp(—2(8)). Thus, taking into account that both
the total number off possible partitions {Si, ..., S¢} and the total number of pos-
sible successor assignments ¢ are of order exp(O(N (X)log N(X))), in view of
(1.14) the relation (6.61) combined with (5.35) gives us

IP( AT z) nexp (—tdist(I..s,, Ev.s,) + O(N(Z)log N(%)

—Q(SN(2)))) (1 + O(exp(—C8)L> log L)).

Since, by definition, length(X) = Zi,_/ dist(li;‘g/., Ejs;) and, moreover,
exp(—C8)L*log L = o(1) and N(X) > N(X)log N(X) by the assumptions of
the lemma, we conclude that

P (A[Lﬂ] > E) <exp (—ro[[ﬂ] length(E))

for «, §, L large enough, as required. O

7. LOWER BOUND

Below, we provide a lower bound for the occurrence probabilities of large
contours in A¥). This is complementary to the upper bounds obtained in the
preceding Sec. 6. For , § > 0 and for a piecewise smooth closed curve o in R? we
consider the event/[o; o] that there exists a contour 6 € APl such that py (o, 6) <
2 with py (-, -) standing for the usual Hausdorff distance. The following lemma
gives a lower bound for the probability of such event for o := S;(R) = 9B, (R).

Lemma 7.1. With « — 00,8 — 00, R — 00 such that logR < § K ¢« < R
we have

PU[S1(R); @]) > exp (—27x RN — O(5R/w)).
Proof: Note that

PU[SI(R); «]) > f P (6 N AP = g) ©F)(d0)

{0€C | pu(0.51(R))<2a}

—PUV[SI(R); o)), (7.62)
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where UGD[S|(R);a] is the event that there exist at least two contours
01,65, ... in APl such that py(Si(R), 6;) <2a, i =1,2,.... Using the con-
ditional graphical construction with forbidden regions we easily see that
PUCV[SI(R); a]lU[S1(R); a]) = o(1), whence (7.62) becomes

PU[SI(R); ) = f P (0 N AP = g) ©F1do)(1 — o(1)).
{0€C | pr(0.S1(R)) <20} (7.63)

To proceed, we partition the circle S;(R) into disjoint segments [/;, E;], i =
I,..., N(R;a,8) = O(R/a) separated by spacings of length § and such that
dist(/;, E;))=«, i =1,..., N(R;«,d). Denote by I1; the square I1(/;, E;; 1/
V2) as defined in the lines preceding Lemma 5.2. Clearly, I1; are disjoint and
dist(I1;, I1;) = ©(5) for i # j. The integral in (7.63) can be bounded below by
restricting the domain of integration to the family C[/;, Ey, ...] of paths 6 such
that, foralli =1, ..., N(R;«a, §), 6 contains a subpath 6; connecting dB,(/;, 1/
V2) to dB,(E;, 1/+/2) within IT;. Using the decoupling Lemma 4.1, with U; :=
6 N I1; there, we can factorize the integral

/ P (6 N AP = g) ©Fl(d0)
{0€Cl11,E1,...]1 | pu(8,S1(0,R))<2a}

into the product of T([1ﬁ/]f2;n,»)[[i < E;],i=1,..., N(R;«, §) with a prefactor

(1 + O(R exp(—C18) log N(R; , 8))) exp(O(BN(R; a, 8))), C1 > 0,

where (1 + O(R exp(—C18)log N(R;a, §))) is the factorization correction from
Lemma 4.1 while exp(O(§N(R;«, 8))) comes from patching the contour 6 by
joining together the subpaths 6; passing through adjacent §-distant squares I1; so
as to keep the resulting path within distance 2« from S;(R), see the discussion of
(5.52) and (5.50) above. Since R exp(—C8)log N(R; «, §) = o(1), we obtain

N(R:a.5)

PU[SI(R);a]) = exp(OGBN(R; e, 8))) [ TV . [1. E;l.
i=1

(1/¥/2;11))

Applying Lemma 5.2 we conclude that

PUISI(R); «]) = O(C," ") exp(O(N(R; @, 8))

N(R;a,8)
[A]
< [ 1700 Eid G >0,
i=1
Observing that N(R; o, §) = O(R /) completes the proofin view of the definition
(1.14) of TlP1. ]
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8. PROOF OF THE MAIN THEOREM
Throughout this proof we shall put
a=a[L]:=+/LlogL and s = §[L] := (log L)’ (8.64)

As in the classical DKS theory, our argument below uses the decomposition
of the contour ensemble AP! N B,(L) into the collection Ly, = Lq; [A¥1] of
a-large contours and the remaining family of «-small contours, and it relies on
an application of the skeleton bounds of Sec. 6 and complementary estimates of
Sec. 7, combined with the use of moderate deviation results of Sec. 3.

8.1. Lower Bound for (1.17)
In order to prove (1.17) we establish first the lower bound

P (M, (A¥)) > MBI L* + aL?, Ne; L] holds)

_ [ 2ma g
> exp ( IMIE]] Lzl + O(a)) . (8.65)

a
R=L|— +C 8.66
y 2y (8.66)

for some constant C large enough so that

P (M (AP > M[BImL? + aL? | U[Si(R);a]) > 1/2, (8.67)

To show it, put

with the event U[S;(R); «], indicating the existence of a contour 6 of Al with
o0, S1(R)) < 2a, defined as in Sec. 7. Clearly, R < L for L large enough
because a < 27 |M[B]]. To see that the required choice of C in (8.66) is indeed
possible note first that

P (M (A" < M[B]wL? +aL® | USI(R); «])
1
S —
PUIS1(R); &) Jivec, pu(@.5:(R) <20}

x P (ML(A%‘JH U6) < M[BJwL> + aLz) elF4e).
Then use (3.20) to conclude that, for py (0, S;(R)) < 2«,
EM, (A}Qa U 9) — M[B]7L? + aL? + 47 |M[B]|CR« + O(L«),

which can be made larger than M[B]7L? + aL? by a term of order O(L«)
under appropriate choice of C. In view of Corollary 3.3 this makes the
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integrand probability ]P’(ML(.A ,U0) < M[B]mL? + aL?) arbitrarily close
to 0, uniformly in 6 with pH(Sl(R) 0) < 2a. In particular, (8.67) is seen
to hold under such choice of C, as required. To proceed, observe that
the conditional probability PN[a; L1IU[S1(R); @]), being bounded above
by [PU[Si(R);a])]” f@ec i (6.51(R)<20() IP(N‘[a L] holds forA )G)[ﬁ (do),
tends to 0 as L — oo by the results of Lemma 2.1 in Sec. 2 spemahsed for
ARZ; 0 Thus, we conclude from (8.67) that for sufficiently large L

P (M (APl > MBI L* + aL?, Ne; L] holds | U[Si(R);a]) > 1/4.

The required relation (8.65) follows now by Lemma 7.1 in view of (8.66).

8.2. Upper Bound for (1.17)

To complete the proof of (1.17) we shall establish the following upper bound,
complementary to (8.65),

P(M (AP > M[B]7L* + aL?, Na; L] holds)

IMI[B]I

To this end use the exponential tightness bound in Lemma 2.1 to get for some

C; =Ci(a)and C; > \&Tguf[m

2
< exp (- iy 1 O(oc)) . (8.68)

P(M (AP > M[B]7L* 4+ aL?, Na; L] holds)
< PM (AP > M[B]7L* 4+ aL?, length(Ly.)
< C1L, Na; L] holds) + O(exp(=C,L)).

Applying Lemma 6.1 together with Corollary 6.2 we see that this probability
is bounded above by

> PO (APT) > M[B]wL* + aL?, length(Le..)
D)

< CiL, Ly x 2) 4 O(exp(—C,1)), (8.69)

where the sum above is taken over all (¢, 6)-skeletons ¥ contained in By(L —
[40 — 8 — +/2]). Note that we could restrict our attention to ¥ C By(L — [4a —
8 — +/2]) because of working on the event Ao, L], see (S4). It should also be
noted that any contour collection well covered by such ¥ is completely con-
tained in By(L) for L and «[L] large enough. Under the imposed requirement
that length(LLy.;) < CL, the total length of skeleton segments in any ¥ with
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P(Ly., o< ) > 0 is also of order O(L), whence the sum in (8.69) can be re-
stricted only to skeletons of such length order. Observe now that the number of
such skeletons is of order exp(O(a~"L log L)) which, by (8.64), is exp(O(~/L)).
Indeed, constructing the skeleton segment after segment at each step we have at
most O(L?) possibilities of choosing new initial/end point. However, the total
number of such steps, coinciding with twice the number of segments, is at most
of order O(L /), because, as stated above, we only consider skeletons ¥ with
length(X) = O(L) and the length of a single segment is close to «, see (S1). We
put this statement as a remark for further reference

Remark 8.1.  The number of (o, 8)-skeletons ¥ in B, (L) with length(X) = O(L)
is of order exp(O(a~"L log L)).
Consequently, by (8.69), in order to establish (8.68) it is enough to show that

mgxIP’(ML(A[’S]) > M[B]7L* 4 aL?, length(Ly.;) < CiL, Ly o X)

_ [ 2ma .
< exp ( |M[,8]|LT“ + O(a)), (8.70)

with the maximum taken over all (o, §)-skeletons ¥ satisfying the conditions
specified above (i.e. contained in By(L — [4a — 8 — +/2]) and with total length of
order O(L)).

To proceed with the verification of (8.70) choose a skeleton X which achieves
the above maximum. Putting v := Area(X) and A := length(3() we conclude by
the isoperimetric Lemma 6.3 that

A>2ynv[l — 0@ /a)] — O(a).
Using that v = O(L?) and that §L /o = o we obtain
=27 — O(a). 8.71)

To proceed, recall that M[B] € (—1, 0) and observe that on the event L., o< X
we get by (3.20) and (S4)

EM, (ALE™ Uy) < MBI(rL? — v) — vMIB] + O(La).

Thus, noting that the field Al conditioned on LL,.; = y coincides in law with
APFeBAL) o) and recalling that N(E) = O(A/«), we conclude from Lemma 6.4
Ry

and Theorem 3.1 applied conditionally on L., that the probability maximised in
(8.70) is bounded above by

exp (—ro[[ﬂ])») exp (—c |:A—2 A é]) , (8.72)

L? «
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where A := [M[B](wL? —v) — vM[B] + O(La)] — [M[BIw L +aL?] =2v
IM[B]| —aL? + O(L«) is the difference between the expected and actual
(required) magnetisation on the event L,.; « Xy, and with v and X related by
(8.71). Recalling that A = O(L), @ = +/Llog L, § = (log L)* and applying the
lower bound (8.65) we see that the maximum in (8.72) has to be reached with
A = O(L*?log L) = O(La) and, consequently,

= e (8.73)
~ 2MA] ’ '
whence, by (8.71),
8.74
|M[/3] + O(w), (8.74)

with the equality rather than inequality in the last formula due to (8.65). By
Lemma 6.4 this yields the required relation (8.70) and hence completes the proof
of (8.68).

8.3. Existence of a Large Contour

In view of the lower bound (8.65), the argument leading to (8.72) with the
optimal skeleton X, replaced by a generic skeleton ¥ shows that, conditionally
on the event {M (A1) > M[B]7L? 4 aL?, Na, L]holds}, with probability
tending to 1 we can have L, ;, o< ¥ only for those (¢, §)-skeletons ¥ which satisfy
(8.73) and (8.74) with v = Area(X) and A = length(X). By the definition of
the relation o and by the proof of the isoperimetric Lemma 6.3 this means that
with conditional probability tending to 1 on the event {M (A1) > M[B]7 L? +

aL?, Na, L] holds} there exists at least one contour Otarge of length L/ 2%‘ +

O() and enclosing area 2|M 7t O(Lw). In fact, we claim that for K large
enough, conditionally on {ML(A ) > M[B]7L? 4+ aL?, Na, L]holds}, with
probability arbitrarily close to 1 the contour 4 s the only K «-large contour of
APl in B,(L). Indeed, for each X as above, i.e. satisfying (8.73) and (8.74), we
have

P(Ly.; o X, APl contains more than one K a-large contour in B,(L),

NTa, L] holds ) < / <length}LaL (A[’S]G A ) > Ka) O (dBarge).

9]arge

where the integral ranges over Biarge in Bo(L) of length L \&TZ + O(o) and

enclosing area + O(La). Now, Remark 8.1 and Lemma 6.4 imply that

a
Z\M[ﬁ
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the total mass OI(-) of such Oi’s is of order exp(— ﬁLr}f] + O(w)).

Moreover, by Lemma 2.1 applied to .A]Eg 0 the integrand probability is uniformly
-Ularge

of order O(exp(—K «)). We now conclude our claim for K large enough in view
of the lower bound (8.65).

8.4. Uniqueness of the Large Contour, Excluding
Intermediate Contours

It follows by the previous Subsec. 8.3 that, conditionally on the event
(M (AP > M[B]mw L? + aL?, Na, L] holds}, with overwhelming probability

2ma

[M[A]I
area 2\1({4+73]| + O(La), and this is the only K a-large contour of A hitting B,(L),
with K {arge enough. Below, we argue that for sufficiently large Ciage, With over-
whelming conditional probability, Ojarge is in fact the unique Ciare log L-large con-
tour of Al# hitting B,(L). The first step in this direction is showing in Lemma 8.2,
similar to Lemma 4.2.4 in, Ref. 12, that the phase of K«-large contours adjusts
very tightly to the micro-canonical constraint M (A¥1) > [M[B]r + a]L? and,
roughly speaking, ‘not much work is left for small contours.” Next, in Lemma 8.3
we use this knowledge to deduce the uniqueness of the large contour s and to
exclude the presence of any other Ciar,e log L-large contours with overwhelming
probability under the micro-canonical constraint.
To proceed with the first of the afore-mentioned steps, we claim first that

there exists one large contour Ojyge 0f length L + O(«a), enclosing phase

Lemma 8.2. With K as specified above we have
P (IM[B) +alL? — E (M (AP)| Ligir) > L]
M (A1) > [M[B] + a]L? Na, L] holds) = o(1).

Proof: We set
p=p[L]:=L""2.
Applying Lemma 6.1 and Corollary 6.2 we get
P (IM[B17 + alL? — E (M (A®)| Loy ) > L3, M, (AP)

> [M[B]r +a]L?) < Y P(M.(AP) > [M[B]r + a]L?, [M[B]7 + a]L>
z

-E (ML(A['B])| Lkair) > LY, Lgas (K&S) )
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with the sum ranging over all (K«, §)-skeletons X contained in B,(L) and with
(Ka,5)
" used as an indexed version of  to denote the well- -covering relation of

(Ka, §)-contours by (K«, §)-skeletons. Use the exponential tightness results of
Lemma 2.1 in Sec. 2 to conclude that, with arbitrarily large C| and with C, large
enough, this sum can be bounded above by

> P(IM[B]7 + alL® — E(M (AP Lk )

5, length(E)e[L /ﬁfp,ch]

(Ka,8)
> L4/3, LKoz;L g( 2)

(Ka,8)

+ > P(M (AP > [M[B]7 + alL?, Lgoy o X)
3, length($)<L Hj;“l‘ —p

+exp(—CiL). (8.75)

We proceed by showing that all consecutive terms in (8.75), for brevity denoted
below by P;, P, and P;5 respectively, are negligibly small compared to the prob-
ability Py := P(M; (A1) > [M[B]7 + a]L?, Na, L] holds). To begin with the
first term P;, use Remark 8.1 to conclude that the number of summands in this
sum is of order exp(O(a~'L log L)). Moreover, applying Lemma 6.4, noting that
conditionally on Lg,.;, = y the field APl coincides in law with A AL KaBa(L) Uy
and using Theorem 3.1 conditionally on Lgg.;, we uniformly bound above each
summand of P; by

2ra L83 L33
P\~ |\ hagay b P | e""( [LZ AED

2
= exp <— ﬂl‘ﬁ[{ﬁo} + 0(,0)) exp (—cL2/3) .

IM[B]I

Recalling the definition of « = «[L] = +/L log L, p = L7/'2 and using the lower
bound (8.65) of Theorem 1.2 with « replaced there by K«, we conclude that

Py = o(Py). (8.76)
To show that
Py = o(Py) (8.77)
observe that, by isoperimetric Lemma 6.3, length(¥) < L 2’”’ —p im-

plies that Area(X) < 2|M — Q(Lp), whence, by (3.20), IE(ML(A )|ILK(X;L) <
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Ka,8
[M[B]7 + a]L? — Q(Lp) almost surely on the event {Lgy.; ( & ) 3}. Conse-

quently, by Theorem 3.1 applied conditionally on Lkg.;, each summand in P,
is bounded above by exp(—c[LZf2 A La—p]) = exp(—cLa—p. Using the lower bound
(8.65) of Theorem 1.2 (with « replaced there by K«) and recalling that % > L
we obtain (8.77). Observing that, by the same lower bound (8.65), P; = o(Py)
provided C; is chosen large enough, we complete the proof of the Lemma by

combining (8.76) and (8.77). O

As announced above, our next statement will allow us to exclude with over-
whelming conditional probability under the micro-canonical constraint the pres-
ence of Clare log L-large contours different than g

Lemma8.3. There exists a constant Ciarge > 0 such that uniformly in collections
v of Ka-large contours in B, (L) with length(y) < Llog L and in A < L*3 we
have

P (.Al[l@]ff“’wl) contains a Ciyrge log L—large contour ‘ M, (A]E@]ff“ﬂzu) U y)

> BM, (ALK=0 Uy ) 4 A) = o)),

Proof: For brevity write

0, Bo(L h Jh]se,Bo(L
BliorBa( )UV), Mf‘i =M, (A][Bi(L])fxy 2 )Uy>

s =y (AL

and let E[Clarge, L] be the event that A][lg;]fj’BZ(L) contains no Cigrge log L-large

contours hitting By(L) and E"[Cage, L] the event that ALPEKCR) containg

N0 Clare log L-large contours hitting B,(L). From Corollarzy 3.5 it follows in
particular that for each n € [A, L*?log L] there exists a unique value of the
external magnetic field [y, L] := h[n, L, y] = ©(n/L?) such that

Eui(’a}z/,h[n,L] — Eﬂf()}t/ +7 (8.78)

and, moreover, #h[n, L] increases with n given L, whence h[n, L] e
[A[L], AT[L]] with

h~[L]:=h[A, L] = ©O(A/L?)
and
RY[L] == h[L**logL, L] = O(L " **logL).

For each L > 0 we split the interval [A, L3 log L] into ®(h*[L]L*3 log L) =
O(L?*1log*(L)) equal-sized subintervals [A = 19, n1), [n1, 72), ... of length
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@(l/h*[L.]) = O(L?*?/logL) gach and we put Ay = h[%, L]. For each
of the subintervals [ny, nx+1) write

]P(g[clarge’ L]ll/vffj; € ]E/LIL“; + [Uk, nk+1))

exp(— i L[EEY + )P (£ [Crage, L1 holds, 105" € Bk + i s

<

o,y L

exp(— i (B + e DP (11 eEuLf;+[nk,m+1))

Ka,h Kozh n — Nk
= exp(i, [t — mDP (5 FL[Crarge, L ‘l m Ly AL| < %) .

(8.79)

At this point we claim that

Ko,hy Ko,hy
]P)(‘MLJ, —E/,LLYV

- 77k+12_ nk) — QL Vlog' L) (8.80)

uniformly in L, y, A, k. Note that this is in fact a rather weak statement in the
spirit of local central limit theorem (LCLT) and an LCLT could in principle be
established for the polygonal Markov fields in its full strength much along the
same lines as Lemma 2.4.1 in, Ref. 12, with standard modifications due to the
non-lattice nature of our setting. However, since we only need the weaker relation
(8.80), we provide a much shorter argument specialised for this case. To this end,
we subdivide the disk B, (L) into ®(L) equal-sized squares O} 1, O2.1, . .. of side
length ©(+/L), separated by moats of width log*(L). Now, in view of (1.10), the
family of identically distributed random variables

his Ko, By(L
Xip =My, (AJ[Bi(Lk)L; “B0y J/)

can be coupled with a sequence of i.i.d. copies X, ;.. of X; p in the way that P(3;
XiL # )A(,-,L) = O(L?exp(—clog*(L))), ¢ > 0. Indeed, O(L?exp(—clog*(L)))
is the order of the probability that the ancestor clans arising for different Q; ;
in the graphical construction of Subsubsec. 1.2.2 are not all pairwise disjoint.
Write

. [B.hi. L] Ka,By(L)
Yy = MBz(L)\U OiL (Ale(Lk)ly U 7/)
and note that

h“K"_ZX,LJrYL (8.81)

Further, observe that, in complete analogy with Theorem 3.1,

P(|Y, —EY;| > VLlog*(L))
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3 3
< exp (_C |:[\/Zlog (L)) A VLlog (L)]) — o—clog(L) (8.82)

Llog*(L) Ko

Using the coupling of X; ; and X ;.1 as discussed above, taking into account (8.81)
and (8.82) and recalling that . — e = O(LY3/log L) > /L log*(L) we can
now deduce the required relation (8.80) by the classical local central limit theorem
applied for 3_, X, 1, use e.g. Theorem 1 in Wey'? with A, := L*?/log(L) and
My := L?*/1log?(L) there, with the assumption (H1) [central limit theorem for

Ka hk *] there following by Theorem 2.10.5 of Ref. 10 or Theorem 2.4.R5 and
Sec 5.3 in Ref. 9 with obvious modifications due to the continuum rather than
lattice nature of our setting, and with the assumption (H2) in Ref. 17 satisfied in
view of (3.25), (3.27) and by the relation Var[uffly’h“] = ®(L?) which can be
established along the same lines as (3.29).

Consequently, since /iy 1 [n+1 — nx] = O(1) in (8.79), combining the re-
lation (8.79) with (8.80) and taking into account that P(E’+ [Clarge, L]) =
exp(—Q(Clarge log L)) uniformly in A, L, k, y for Ciyg. large enough in view
of Lemma 2.1 in Sec. 2, we conclude that, uniformly in A, L, k, y

P(E[Crarge> L1t % € Epps, + [k, mir1)) = o(1). (8.83)

In view of (8.83) the assertion of our lemma will follow as soon as we show that

P(ur% > Eurs + LY log Liut % > Eups, 4+ A) = o(1) (8.84)
uniformly in A, L, y. To this end, use Theorem 3.1 to conclude that

]P)(/,LLO; > ]E;Lf";, + L*3log L) < exp(—cL*? log*(L)). (8.85)

Next, apply Lemma 3.6 to get
P(urs > Eurs + A) = exp(—O([A + Llog LT /L?)) = exp(—O(L*?)).

which yields the required relation (8.84) when combined with (8.85). The proof
of the lemma is hence complete. O

Recalling that conditionally on Lg,.;, = y the field A [8] coincides in distri-
bution with A[’s f“ Ba(L) Uy and that, by the discussion in Subsec. 8.3, Lgy ; =
{Olarge} With overwhelmmg probability under the micro-canonical constraint, and
then combining Lemma 8.2 with Lemma 8.3 applied conditionally on y = Lkg 1,
shows that, conditionally on the event {M, (A1) > M[B]7L? +aL?, Na, L]
holds}, with overwhelming probability Gj4gc is the only Cpax log L-large contour
of AP1 hitting B,(L). This completes the present subsection of the proof.
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8.5. Localising the Large Contour

It remains to show that the large contour 6, satisfies

min i (081 (1[50 ) ) = 0 (1 iog ).

But this follows immediately by specialising to our setting for 6}, the inequality
(2.4.1) in Sec. 2.4 of Dobrushin, Kotecky and Shlosman(?” and combining it with
(8.73) and (8.74). This completes the proof of Theorem 1.2. 0

A.1. APPENDIX

Below, we discuss the dynamic representation and some further properties
of the basic Arak process, see Arak and Surgailis,® Section 4 for the dynamic
representation. For a fixed bounded open convex domain D we shall construct
the basic Arak process A}, with free boundary conditions (unlike in (1.1) where
empty boundary conditions are imposed).

A.1.1. Dynamic Construction of the Basic Arak Process

We interpret the domain D as a set of time-space points (¢, y) € D, with ¢
referred to as the time coordinate and with y standing for the spatial coordinate of
a particle at the time ¢. In this language, a straight line segment in D stands for a
piece of the time-space trajectory of a freely moving particle. For a straight line /
non-parallel to the time axis and crossing the domain D we define in the obvious
way its entry point to D, in(/, D) € 9D and its exit point out(/, D) € 9 D.

We choose the time-space birth coordinates for the new particles according
to a homogeneous Poisson point process of intensity 7 in D (interior birth sites)
superposed with a Poisson point process on the boundary (boundary birth sites)
with the intensity measure

«(B) = Ecard{l € A, in(/, D) € B}, B C dD. (A1)

Each interior birth site emits two particles, moving with initial velocities v’ and
v” chosen according to the joint distribution

v,dv):=m '|lv —v +v7) +v7) vdv'. .
Q(d /d//) l| ’ //|(1 /2) 3/2(1 //2) 3/2d "dv” (AZ)

This can be shown to be equivalent to choosing the directions of the straight lines
representing the space-time trajectories of the emitted particles according to the
distribution of the #ypical angle between two lines of A, see Sec. 3 and 4 in Ref. 2
and the references therein. It is also easily seen that the value of angle ¢ € (0, )
between these lines is distributed according to the density sin(¢)/2. Each boundary
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birth site x € 9D yields one particle with initial speed v determined according to
the distribution 6, (dv) identified by requiring that the direction of the line entering
D at x and representing the time-space trajectory of the emitted particle be chosen
according to the distribution of a straight line / € A conditioned on the event
{x = in(/, D)}.

All the particles evolve independently in time according to the following
rules.

(E1) Between the critical moments listed below each particle moves freely with
constant velocity so that dy = vdt,

(E2) When a particle touches the boundary 9 D, it dies,

(E3) In case of a collision of two particles (equal spatial coordinates y at some
moment ¢ with (¢, y) € D), both of them die,

(E4) The time evolution of the velocity v; of an individual particle is given by
a pure-jump Markov process so that

P(via € du | v, = v) = q(v, du)dt
for the transition kernel

g, du) = |lu —v|(1 + u*)>dudt.

It is worth noting that, in full analogy with the discussion following (A.2), the
(sharp) angle between the straight lines representing the space-time trajectories
of the particle before and after the velocity update is distributed according to the
typical angle between two lines of A.

It has been proven (see Lemma 4.1 in Ref. 2) that with the above construction
of the interacting particle system, the time-space trajectories traced by the evolving
particles coincide in distribution with the Arak process A7, defined as in (1.1) with
the family I'p of admissible polygonal configurations extended to I'}, allowing
also for partial contours chopped off by the boundary, which amounts to admitting
not only internal vertices of degree 2, as in (P2), but also boundary vertices of
degree 1.

A.1.2. Properties of the Basic Arak Process

As already mentioned in the introductory section, and as shown in Arak and
Surgailis, ® the basic Arak process A% enjoys a number of striking properties. The
two-dimensional germ Markov property, stating that the conditional distribution of
the field inside a bounded region with piecewise smooth boundary given the outside
configuration only depends on the trace of this configuration on the boundary
(intersection points and intersection directions) is an immediate consequence of
the Gibbsian definition. Next important property is the consistency: for bounded
open and convex D; and D, with D; € D, the restriction of .A’jjz to D; coincides
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in distribution with A* > see Theorem 4.1 ibidem. This immediately allows us to
define the infinite volume Arak process .4, which inherits the isometry invariance
of the finite volume Gibbsian definition and which is a thermodynamic limit
for A%, By the results of Schreiber,! this corresponds to the unique infinite-
volume bounded-density stationary evolution of the particle system discussed in
Subsec. A.1.1 above. Interestingly, the intersection of the Arak process A with
any fixed straight line is a Poisson point process of intensity 2, see, Ref. 2, which
gives us direct access to two-point correlation functions of A under the colouring
as in Subsec. 1.1. Moreover, the partition function for the Arak process can be
explicitly evaluated: it is known that

E ) exp(—2length(8)) = exp(r Area(D)),

8el'(Ap)

see Theorem 4.1 in Ref. 2 [note that the prefactor 2 exp(length(d D)), present
in the quoted theorem, is absent here because we take the law of A rather than
the unnormalised measure p* as the reference measure and, moreover, we do
not sum over two different admissible black/white colourings of each polygonal
configuration]. It should be emphasised that these exact results are only available
for A and not for A¥1, g > 0.

Interestingly, there exists a much broader class of consistent polygonal
Markov fields admitting analogous dynamic representations, possibly enhanced
to allow for vertices of higher degrees (3 and 4), see ibidem. The question
of characterising the class of all polygonal Markov fields admitting dynamic
representations is far from being trivial and falls beyond the scope of this article.
A conjectured description of this class has been provided in Arak, Clifford and
Surgailis,® where a very nice alternative point- rather than line-based represen-
tation of polygonal fields is also discussed.
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